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Abstract

THE MOVEMENT AND BASAL SLIDING OF THE .

NISQUALLY GLACIER, MOUNT RAINIER
by Steven McNiven Hodge

Chairman of Supervisory Committee: Professor Norbert Untersteiner
Geophysics Program

Accurate and detailed measurements of the positions of stakes along the
centerline of the lower Niéqua]]y‘Glacier were made on the average every twelve

days for a period of two years. Changes in surface velocity, surface slope

and thickness were calculated, with corrections made for tilting and bending

of the stakes. Run-off from the glacier over the same period was measufed

continuously at a stream gage below the terminus.

Bedrock topography was determined by measurements of the gravity field
over the glacier. Accurate terrain corrections and three dimensional modelling
were done using a modification of the technique of Talwani and Ewing (1960).
The regional gravity field was determined by requiring the calculated bedrock
to agree with areas of known bedrock and with two depths determined by drilling.
The glacier was found to be thinner than expected, with an average centerline
depth of only 71 m.

The glacier flow model of Nye (1952) was used to reduce surface velocities

to sliding velocities on the bed. Variables were smoothed over distances of

several times the ice thickness to minimize the effect of Tongitudinal stress

- N



gradients and shape factors were used to allow for the friction of the valley

walls. Existing data on the flow law of ice were examined and an average
flow law and a least viscous flow law chosen. The effect of uncertainties
in the flow model was investigated by using these two flow laws and by simul-
taneously perturbing the thickness, surface slope and shape factor by accept-
‘able amounts.

Internal deformation of the glacier is found to account for much Tess than
50 % of the observed surface motion. Sliding of the glacier is negligible
only if the ice obeys the least viscous flow law, the depths are everywhere t00
shallow by at least 10 m and the shape factors are close to unity. Further-
more, internal deformation contributes progressively less to the surface motion
with distance up-glacier; in the area near the equilibrium 1ine sliding prob-
ably accounts for 80-90 % of the total motion.

The surface velocity of the glacier has a pronounced seasonal fluctuation
superimposed on a long period trend. At the equiﬁibrium 1ine the maximum
Velotity occurs in late May or June and the minimum in November. The exist-
ence of a "seasonal wave" is verified, the maximum and minimum velocity occur-
ring progressively later with distance down-glacier. The wave travels from
the equilibrium 1ine to the terminus with a speed of about 20 km a']. This
is one to two orders of magnitude greater than a normal kinematic wave, assuming
that ice motion is due to internal deformation and/or the pressure melting/en-
hanced plastic flow mechanism of basal sliding. It is also two orders of mag-
nitude smaller than that of a kinematic wave in a water fi1m 0.5 mm -thick.

The maximum deviation of the surface velocity from the long period trend
is approximately 25 % and does not vary significantly with distance along the
glacier. The maximum velocity occurs 2-3 months after the maximum Toading
of the glacier and about one month before the peak in the run-off. The mini-
mum velocity occurs 1-2 months after the minimum loading and four months before

the minimum run-off. The acceleration of the glacier throughout the winter,




while the run-off is still decreasing, is clearly demonstrated.

It is concluded that the seasonal variations in the motion of a glacier
are due to variations in the amount of basal sliding and are controlled not by
the run-off, the surface melting or the loading but by the amount of liquid
water stored within the glacier. The peak in the liquid water storage curve
‘of the South Cascade Glacier correlates well, on the averdge, with the peak in
surface velocity of the Nisqually Glacier. The seasonal wave can be expiained
with this hypothesis also.

The velocity variations of the Nisqually Glacier are considered to be in-
dependent verification that glaciers store water in the fall, winter and spring
and then release it in the summer, affer the hydrostatic head of water becomes
great enough to open the drainage channels. The data suggest that relatively
more water is stored higher up the glacier and that possibly most of the stor-
age occurs at the equilibrium Tine.

The results support the idea that the dominant controlling parameter in
the basal sliding mechanism is the hydrostatic pressure of water having access
to the bed. Any dependence of sliding on the basal shear stress is probably
masked by the varying water pressure.

Finally, it is suggested that the volume of 1iquid water stored in a gla-
cier may vary annually and that jokulhlaups represent the cataétrophic release
of any accumulated water, and glacier surges may be caused by a more gradual
release. It might be possible to predict jokulhlaups by detectinq abnormal

accelerations in the surface motion of glaciers.
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Chapter 1
INTRODUCTION

Glacier ice is a crystalline solid whose temperature is close to the
melting point. Such a solid will deform when stresses are applied to it.
The force of gravity applies stresses to the ice of a glacier throughout its
mass and as a result the glacier flows. This is termed movement by “internal
deformation". This deformation has been investigated experimentally, both in
the laboratory and in the field, and the relation between the applied stress
and the resulting strain rate, known as the "flow law", has been used to con-
struct models of the flow of glaciers and ice sheets. These models are far
from complete but they do predict the general features of the internal defor-
mation of a glacier. o ' ' b

If the temperature at the_base of a glacier or ice sheet is at the pres-
sure melting point, the ice can also slide over its bed. This mechanism is
termed "basal sliding". It has been observed directly at -isolated points un-
der several glaciers (in tunnels or boreholes) and at the margins of others.
It is also strongly suggested by the well-known erosive features left behind
by glaciers: -bedrock polished smooth and marked with long paraliel grooves
and striations, presumably caused by boulders being dragged over the bedrock
by the ice. Indirect evidence comes from vertical velocity profi]eé deter-
mined from many boreholes; extrapolation usually indicates a non-zero velo-
city at the bed. In very steep temperate glaciers, such as icefalls, sliding
could account for almost all of the total motion.

If sliding is significant for a given glacier then clearly the above mo-
dels of glacier flow are incomplete. Models of the s1iding mechanism are
also needed. Considerable theoretica1 work has already been done but direct

experimental verification is extremely difficult. Furthermore, the theories
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do not agree on which parameters are important and which are not. The prob-
Jem of basal sliding is perhaps the most crucial aspect of the flow of gla-
ciers which is yet to be solved.

Further insight into the sliding mechanism will possibly have to come
through an experimental rather than a theoretical approach. One would at-
tempt to correlate the s1iding velocity with some other parameter such as mass
balance, temperature, precipitatfon or run-off. Admittedly, this technique
would not prove a direct causal relationship between the two, but it neverthe-
Tess might shed some 1ight on the theoretical models of s1iding and point out
the significant parameters.

In a sense this approach has already been used. The fluctuations in the
flow of a glacier on a time scale of hours, days or weeks are invariably at-
tributed to variations in tﬁe amount of basal slidfng, since significant vari-
ations in the applied stress or the flow law, and hence in the internal defor-
matfon mechanism, are unlikely to occur on this short time scale. . "Variations
in sliding are usually assumed to be due to "changes in the amount of melt-
water at the bed" but there has never been any conclusive verification of this
statement, nor is there a satisfactory explanation of how such changes could
affect thels1iding mechanism.

Changes in the amount of meltwater at the bed are also used to explain
the well-known seasonal variations in the motion of a glacier. OnIthis time
scale significant variations in the applied stress could take place, due to
the raising and lowering of the surface between summer and winter. However,
this "loading effect", as we shall call it, would be insignificant except in
?EF case of very thin glaciers.

Seasonal velocity variations of glaciers have been recorded for over a
century, but few observations are very detailed. Furthermore, we shall see

that the existing data are not entirely consistent with the meltwater
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hypothesis.

The objective of this investigation is to study the seasonal variation in

the motion of a glacier, to deduce its causes, and, if possible, to make in-

ferences about the basal s1iding mechanism.  The changes in surface elevation,

the changes in surface slope, the accumulation and ablation, the precipitation,
the temperature and the run-off will be measured in addition to the surface
velocity. A glacier flow model will be used to reduce the surface velocities
to s1iding velocities at the bed. For this, the thickness of the glacier

will have to be determined. ' )
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Chapter 2

HISTORICAL REVIEW

2.1 BEFORE 1880

The first time it was realized that glaciers move is undoubtedly buried
in antiquity, since it was probably a well-known fact to those who lived near
them. For example, Kuhn (1787) talks of a nameless shepherd from Grindelwald,
in Switzerland, who apparently had systematically demonstrated this fact.
However, it is only in the last twenty years that we are finally starting to
understand the flow 6f glaciers in detail.

Various explanations of this motion have been proposed over the years,
but one of the original 1deas.1s none other than the one being investigated
here, namely that a glacier-s1idés over its bed. This {dea was first sug-
gested by Altmann (1751) and Gruner (1760). Gruner also thought that water
thaﬁed from the glacier by .the earth's heat might have a lubricating action
and thus aid the sliding. These ideas were later expanded by de Saussure
(1803) and defénded by;Eschef von der Linth (1821), but were rejected by Hugi
(1830) who considered that gIacieés move as a result of “%nterna] work" and
left it at that. It is interesting to note that de Saussure conceived the
idea that the hydrostatic pressure of water imprisoned between the ice and the
rock might be able to "float" the glacier and thus enable it to oveﬁcome ob-
stacles on the bed.

In the first half of the nineteenth century people such as Venetz (1821)
and de Charpentier (1835) were beginning to realize that glaciers in the Alps
had had a much greater extent in the past. This led to a renewed interest in
gIaciers'and to the presentation of the "Ice Age Theory" by Agassiz (1837).
Agassiz thought that s]idihg could occur in the lower “parts" of glaciers

where the basal temperature was 0°C, but he maintained that the general move-




ment of glaciers could not be due to s1iding (Agassiz, 1967). Instead he

subscribed to the "dilatation theory", originally proposed by Scheuchzer
(1723), in which motion results from the freezing and expanding of water
which infiltrates down into a system of capillary cracks and other interstices
which are presumed to occur throughout the glacier.

Agassiz was a prolific worker and he recorded many valuable measurements
(Agassiz, 1847). The most important of these was the first demonstration
that glaciers move fastest in the middle and progressively slower towards the
margins. Moreover, it was at his prdmpting that Ziegler made the first mea-
surements of the seasonal variations in the movement of a glacier. These
were done at a single point near, the terminus of the Lower Grindelwald Glacier
over a period of half a year from November 1842 to May 1843. Despite the
fact that only four velocity measurements were made they do reveal a definite
minjmum in January (Figure 1). This observation interested Agassiz and so in
1845-46 he made a more exteﬁsive §et of measurements of both the seasonal and
the dai1y variations in velocity on the lower part of the Glacier de 1'Aar
(Unteraargietscher) in the hope that he could use the results to verify the
dilatation theory. |

The seasonal observations were made at three points, or “"stations", along

the glacier: at the station de Brandlamm (at 2.5 km from the 1845 terminus),

at the station de Trift (at 4.5 km), and at the station de 1'Hotel &es Neuchat
elois (at 7.2 km, just below the confluence of the Unteraargletscher and the
Finsteraargletscher). Initially, during the summer of 1845, Agassiz made
measurements on transverse profiles of 20 points at the upper station and 11
points at the lower station, but for the rest of the time only one point at
each station was measured. The results are shown in Figures 2 and 3.  The

upper two points were measured approximately every month but the lower one was

measured only four times.
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Agassiz also notes (Agassiz, 1847) some measurements made by Desor on the
rate of aﬁvance of the tenminus of the Glacier de 1'Aar from July 1845 to Jan-
uary 1846, at approximately monthly intervals (Figure 4). The observations
were terminated because of heavy snowfall. Desor also measured the advance
of the terminus on a dafly, and sometimes an hourly, basis in the summers of
1844 and 1845 (Figure 5), and in 1845 Agassiz made measurements roughly every
twelve hours of the position of a stake at the station du Pavillon (near the
station de Trift). At the same time, and also at the Pavillon, he measured
the motion at the margin of the glacier; these results, along with the mea-
sured air temperature,.are shown in Figure 6. It is not clear whether the
marginal motion is actually sliding of the ice past the rock or jyst motion
of a stake near.the edge.

From these data Agassii concludes that the speed is a maximum in the
spring and early summer. He attributes this to the abundance of meltwater at
thfé time, which fills the “capillary cracks", freezes, expands, and then
causes an increase in movement of the glacier. As winter approaches the
glacier gradually slows down, to Tess than the mean annual speed; this he
attributes to the "stiffening" of the ice as it gets colder and there is less
water in the capillary cracks*.

Agassiz was not the only person at work on glaciers at this time. The
Scottish professor, J.D. Forbes, was busy on the Glacier des Bois an& the
Glacier des Bossons (in the Chamonoix region of France) .gathering evidence to
demonstrate the "plasticity” of glacier ice (Forbes, 1843a, 1843b, 1846).
Forbgs subscribed to the viscous theory of glacier motion, originally suspect-
ed by Bordier (1773) and later by Hall (1841) and which we now know to be more
or less correct (ice can be thought of as a non-linear viscous fluid). Forbes

* According to Tyndall (1896), Agassiz later proved the diletation theory to
be incorrect when he found that the interior temperatures of glacliers were not
significantly below the freezing poiant.
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was probably led to believe in the viscous theory when he realized that if

glaciers slid as a solid body they would be stopped at the first constriction

jn the valley walls; 1{n other words, Forbes made the rather obvious observa-

‘tion that glaciers "mold" themselves to the shape of the valley.

During the year 1844-45, a year before Agassiz's measurements, Forbes had
his trusted guide, A. Balmat, measure the movement of four points on these
glaciers roughly every month. The results are shown in Figures 7 and 8,
along with the.average air temperature from nearby towns. The variation is
similar to that found by Aga;siz1 Fdfbes noted that the magnitude of the
variation increased with decreasing elevation and he asserted that the data
provide a proof of a principle, made by him in 1842, that “the motion of the
ice is more rapid in summer than in winter, in hot than in cold weather, and
especially more rapid after rain, and less rapid in sudden frost" (Forbes,
1846, p. 187). This statement Qas made before Ziegler's measurements and so
it was probably just a proposition and not an experimental fact at the time.
Forbes considered the seasonal variations in velocity to,bé a result of both
temperature and the amount of water available at the-sur¥§5F. The more “sat-
urated" the jce became with water, the lower its viscosity and the faster it
moved. He claimed to find a correlation between velocity variations and the
amount of water discharging from the terminus; this was based, however, on
subjective estimates of the stream level.

In 1862 H;pkins published his theory of the motion of glaciers (Hopkins,
1862). 'He allowed both sliding and interna]_deformation, terming the latter
the "pressure theory". ’ According to Hopkins, the motion of a glacier is a
result of "internal pressures and tensions" becoming so great as to result in
"dislocations": tensions give rise to "open fissures", compressions to a
"crushing" or breakdown of the crystal structure and tangenttal forces to a

s1iding of one element past another. This is a primitive form of modern
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glacier mechanics. Hopkins was also the first to suggest that the process of

regelation was "essential to the uniform sliding of glaciers".

Tyndall (1876, 1896) also made some velocity observations on the Mer de
Glace in December of 1859, With twenty-one stakes distributed in two pro-
files he found the winter velocity to be roughly 50% of the summer velocity
(determined at the same profile two years earlier). Tyndall unfortunately
made his velocity measurements over a twenty-four hour period, despite the

fact that Agassiz (1847) had already shown that velocities could change by 50%

'over such a short time 1nterval

The measuring technique used by Tyndall and Agassiz was to use a theodo-
lite to establish a vertical plane between two fixed points, one on each side
of the glacier. An assistant taped the distance from the stake to this plane.

No errors are given but the accuracy was probably a few centimeters. Forbes'

~ method was: similar, except no theodolite was used. .

~ Tyndall and Forbes also made the first measurements of the rate of flow
as a function of depth (Shumskii, 1964, p. 310), Tyndall on the side wall of
the Mer de Glace and Forbes on the front wall. When extrapolated to bedrock

both measurements gave a sliding velocity of about 25% of the surface velocity.

2.2 1880 TO 1914 '
. Tyndall did not subscribe to the viscous theory of glacier motion. In-
stead he had his own "regelation theory", in which ice would fracture un@er
tension, the cracks being healed by pressure melting and refreezing. This
idea was disposed of, however, by a series of experiments done in the late
nineteenth century (for example, Main, 1888), in which it was shown that ice
* The danger of equeting long period velocities to short period ones was sub-
stantiated by de Seue (1876) on @sterdalsisen, Norway. He found that the

movement over & period of hours was Jerky and i:regula.r, so much so, in fact,
that he recorded a backwards movement on one occasion.




16

could yield, rather than fracture, under a tensile stress. The viscous
theory of glacier motion was accepted and elaborate, long term studies of the
velocity field of a glacier were done around the turn of the century to test
this theory: Blumcke and Hess (1899) on the Hintereisferner, Mercanton
(1916) on the Rhonegletscher, and Finsterwalder (1897) on the Vernagtferner.

Seasonal variations were measured as p;rt of these studies, the best
known observations being those of Blimcke and Finsterwalder (1905). These
were done at 18 stakes on the tongue of the Hintereisferner, Austria, between
1900 and 1904 (Schimpp, 1958, p. 302):. Apparently the winter speed was not
actually measured (Deeley and Parr, 1913, p. 95); instead they measured the
summer speed relative to the mean annual speed, as a function of distance
along the glacier (Figure 9).

It was only along the lower third of the tongué that the summer speed
exceeded the (implied) winter speed; in the upper two-thirds the winter speed
was greater. The point Qhere the two speeds are equal is at an altitude of

2530 m, well below the present equilibrium line . Blimcke and Finsterwalder's
reason for this is worth quoting: . '

"The driving force of glacier movement is manifestly gravity, and

the pressure of the névé layers produced through 1t. One resist-
ance to glacier movement proceeds from the interior friction of the
jce-mass and from friction on the glacier bed. The velocity-condi-
tion of the glacier originates from the cooperation of driving force
and resistance; the winter acceleration of movement in the upper
parts is in the first place attributable to the increased névé pres-
sure in the winter; while the summer acceleration of movement in the
lower parts must be traced to lessened friction-resistance, in con-

sequence of penetration of the ice and glacier-bed by melting water."
(Deeley and Parr, 1914, p. 163)

Probably these measurements led Hess (1933, p. 73) to conclude that a wave of

* Lliboutry (1965, p. 624) places the "névé line" st an altitude of 3100 m,
about 5.5 km from the terminus (year not specified). In 1952-5L4, Schimpp
(1958, p. 308) found the equilibrium line to be at 2950 m, sbout 5 km from the
terminus. The Hintereisfernmer, however, has retrested considerably since 1900
and so the equilibrium line could have been lower at the time of Blimcke and

Finsterwalder's work.
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velocity maximum travelled down the glacier starting in the accumulation area
in the winter and ending at the terminus in the summer.

As part of their investigation, Bliimcke and Hess made a number of thermal
borings through the glacier. On one prof{le, seven holes were considered to
have reached bottom, and Deeley and Parr (1913) used data from them to esti-
mate the rate of slipping along the bed. They obtained values between 16%
and 69% of the surface velocity, depending on the reduction method. The slip
at the side of the glacier was found tq be about 25% of the center velocity.
Some boring rods left in these holes were rediscovered in 1931 and Hess (1939)
found that in the intervening 30 years the bottom of the glacier had moved
90.2% as far as the surface (Shumskii, 1964, p. 315).

By the early 1900's it was becoming generally accepted that glaciers
moved by two mechanisms, sliding on their bed and differential motion within
the ice, and that the thickness and surface slope wefe the primary controlling
parameters. Ice was considered;fo be a Newtonian fluid of high viscosity and
much of the laboratory and field experiments performed at this time were di-
rected at finding the coefficient of viscosity of ice.

Mathematical models of glacier flow were also developed. Assuming a
constant viscosity v and an infinitely wide plane bed, Weinberg (1906)
showed that the Navier-Stokes equation could be integrated to give

2ve
h o= \/pg sin a . . (1)

.

where g 1is the surface speed, p 1is the density of the ice, g is the ac-
celeration of gravity, a {s the surface slope, and % i{s the thickness of
the glacier. This formula has often been used to calculate & or v given
the other parameters (Deeley and Parr, 1913; Somigliana, 1925; Lagally,
1929; Hofmann, 1958). However; it was originally derived by Deeley (1895)




by considering the steady flow of a viscous fluid through a capillary tube,

which is mathematically equivalent to Weinberg's model.

On the other hand, Deeley and Parr (1914) recognized the importance of
sliding and that very 1ittle was known about it, a fact which plagues glaci-
b]ogy to the present day. They postulated two mechanisms for sliding:
pressure melting for small obstacles and viscous deformation for large obsta-
cles. Ice pressing on the upstream side of an obstacle would be melted and
the water would flow around the obstacle and refreeze on the downstream side,
where the pressure is lower. In this way ice could move past obstacles on
the bed. They also realized that the thermal conductivity of the obstacie
would influence the motion, as heat would have to be conducted back through
the obstacle from the downstream side, otherwise the process could not be main-
tained. The pressure melting mechanism would therefore not work for large
obstacles since the time for heat to flow through the obstacle would be prohib-
itively Tong. The resistance to flow of a large obstacle is thus "a purely
viscous one", the glacier having "to change its form to accomodate itself to
the bends and larger irregularities of its channel".:

Deeley and Parr made measurements in the laboratory of the movement of a
glass bar, under load, through a block of ice and of the slip of a piece of ice
across a flat stone surface. They found, in the second experiment, that slip
wou1d.occur only when the temperature was within 0.1°C of the freezing point.
Using the results of these experiments, some intuitive reasoning, and conical
projections as the model of a glacier bed, Deeley and Parr conclude the velo-
city of slip should be proportional to the shear stress on the bed and to the

thickness of the glacier.




2.3 1914 T0 1954

These principles of dynamic glaciology developed in the early 1900's have
since been refined considerably, largely due to the realization that ice has a
_non-]inear rather than a Tinear viscosity (Glen, 1953, 1955), and mathematical
models of glacier flow have been developed (Nye, 1951, 1952, 1953, 1957, 1965).
Measurements on glaciers have also been refined.

From 1921 to 1928 the seasonal andlshorter term variations in the move-
ment of a single point near the terminus of the Upper Grindelwald Giacier,
Switzerland, were continuously recorded with a "gletscheruhr", or "glacier
c]ock“* (Lutschg-Lotscher, 1944). Rapid acceleration occurred in the spring,
followed by a more gradual decrease through the summer, autum, and winter
(Figures 10 and 11). Large fluctuations on a time scale of days or weeks
were also apparent, particuiar1y in the'spring and summer**. L1iboutry
(1965) attributed these to changes in the amount of water at the glacier bed.

.'Thé winter velocity in the accumulation area was found to exceed the sum-
mer velocity on the Claridenfirn (Streiff-Becker, 1938) and on the Great
Aletsch Glacier (Haefeli, 1944)**. Fluctuations at approximately twenty
minute intervals were recorded by Washburn and Go]dthwait.(1937) on the South
Crillon Glacier, Alaska. They also found that the day-time speed was greater

w*k
than the night-time .
From 1938 to 1939 Pillewizer measured the seasonal variations in the flow

of the Mittelbergferner, Austria (Pillewizer, 1949). The results for his
upper two profiles are shown in Figure 12. A third profile, at the top of the

* Usually a wire running from & point on the glacier over a pulley to a
weight. Movement of the glacier rotates the pulley; this can be recorded
on a chart drive. )

#% T4 vas pointed out to the author by M.F. Meier that many glaciologists
consider experimental artifacts to have csused pert of these velocity fluctua~
tioms. Litschg-Lotscher's results, however, will be retained and mentioned
later since their omission does not change the conclusions reeched.
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icefall, is not shown because no significant variations through the year were
observed. These measurements were made photogrammetrically. It is ques-
tionable whether or not differences of millimeters per day can be obtained re-
Tiably with this technique (Mercanton, 1950).

For three weeks in August 1949, Battle made daily and weekly measurements
of the surface velocity of Fréya Gletscher, northeast Greenland (Battle, 1951).
The observations were made with a theodolite on 8 stakes arranged in two pro-
files, 6 on one and 2 on the other. He concluded: (a) an overall decrease
in speed seemed to be correlated with an overall decrease in air temperature
during the same period, (b) the decrease in speed occurred sooner in the upper
profile, (c) the motion during a 24-hour period was distinctly discontinuous
and in many cases the discontinuities were synchronous from one stake to the
next (the area was crevassea very 1ittle), and (d) the glacier appeared to
move faster in the day-time.

. Direct observations of the sliding of glaciers were made in this period
~ by Carol (1947) and McCall (1952). Carol used deep marginal crevasses to
work his way to a point about 50 m below the surface. There he observed a
sliding veocity of 370 mm d’].' McCall, on the other hand, drilled a tunnel
through a small cirque glacier (Vesl-Skautbreen, Jotunheim, Norway). “At the
head of the tunnel the fce was found to be sliding smoothly over the bedrock,
with no detectab]e-daily fluctuations.

Gerrard, Perutz and Roch (1952) drilled a borehole 137 m deep in the
Jungfraufirn, Switzerland. They concluded that's1iding accounted for about
one half of the surface motion.

During the summers of 1952, 1953, and 1954, Meier studied the flow of the
Saskatchewan Glacier, Canada (Meier, 1960). He found that summer velocities
were significantly greater than the mean annual velocities and that the per-

centage deviation depended on position, varying from about zero near the firn
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1imit to about 20% 3 km further down-glacier. The short interval variations
were also studied. In 1952, three stakes were measured once a day for 22
days and very pronounced fluctuations were found. In 1953 five stakes were
measured every 12 hours for 18 days and this time the theodolite was placed
jnside a tent to protect it from wind and sun. The results, cshown in Figure
13, are probably the most accurate short interval velocities obtained until
very recently (see Harrison and Lee, 1971).

Meteorological observations were made concurrently with the 1953 velocity
observations. The velocities showed Targe and sudden variations and did not
exhibit any obvious correlation with the meteorological data. Meier found
that a Tinear relationship between air temperature and velocity was statisti-
cally not significant. The precipitation possibly might have had some effect,
as the large velocity fﬂuctﬁation shown by all stakes on 30 and 31 August oc- |
curred at the time of the h;aviest rainfall. He concluded "“that the total

flo& is built up from many minor jumps or jerks along shearing p1anes“, and

that the jerky motion was probably not due "to the erratic -opening or closing

of crevasses".

Meier also showed that the amplitude of the ve1ocity'f1uctuations decreas-
ed with increasing period of observation; this velocity "dispersion spectrum"
is reproduced in Figure 14. For periods of one day or greater the deviation
was inversely proportional to the logarithm of the time interval. Meier's
velocity values are all accompanied by an estimate of the error in their mea-
surement.

In the same years that Meier was doing his research, Schimpp was recording
the seasonal variations in velocity of the Hintereisferner, Austria (Schimpp,
1958, 1960). Measurements were done with a theodolite every other month, on
the average, from autumn 1952 to autumn 1954 at 54 points on 11 transverse pro-

files. The published results (5 profiles only) are shown in Figure 15. The
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changes in velocity were about 40 to 50 %¥. According to Finsterwalder (1961)
these changes were "caused by a kinetic wave coming down the glacier from the
highest firn region to the end of the tongue within a year. The wave starts
when melting in the highest firn region starts in hay or June". Whether or
not this statement was a consequence of Schimpp's work is not clear, but if
the time of maximum velocity is plotted against distance along the glacier
(Figure 16), the possibility of such a wave is suggested.

Schimpp did not give his experimental error, nor did he indicate the actu-
al data points, so the error bars have been estimated assuming a very conser-
vative error of +3 mm d']. This 1mplies* a wave speed somewhere between 20
and 100 km a”'. Schimpp estimated the wave speed to be 18-25 km a-l,

.It must be emphasized, however, that if these error bars are doubled they
are greater than the separafion between maximum and minimum on the uppermost
and lowermost profiles (Figure 15). This makes the uﬁber and lower points in
Figﬁré 16 meaningless and thg remaining points imply a wave moving up-glacier.

Unless Schimpp's unpublished data are move definitive, the -existence of the

1 or higher is

seasonal wave is thus questionable. Also, a speed of 18 km a
much greater than that of a normal kinematic wave described by Nye {1960) or

Weertman (1958).

2.4 AFTER 1954
By the late 1940's and early 1950's it was realized that, since naturally-

occurring ice was a crystalline solid near its melting point, it should deform
1ike rocks and metals near their melting points (Orowan, 1949; Judd, 1964).

This led Glen (1955) to make his important laboratory experiments on the

#* Note that the higher the wave speed the more difficult it would be -to mee-
sure, since no variation of peak yelocity with distance (a vertical line in

Figure 16) implies an infinite wave speed.
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steady-state creep of polycrystalline ice. This ice, grown in the laboratory,
was subjected to uniaxial compression and the resulting strain, after the ini-
tial transient creep had occurred, was measured as a function of time, stress
and temperature. The relation between strain rate & and stress o found by

Glen,

é = A' " (2)

is known as Glen's flow law. Ice {s thus intermediate between a linear-
viscous (or Newtonian) material and a perfectly plastic material (Figure 17).
For a given temperature A’ and n are“constants.

The recent work on glacier sliding and glacier fluctuations is now summar-

ized, with the more important works being given in greater detail:

Ives and King (1955), Morsdrjokull, Iceland: flow irregular and appeared
_to be faster after periods of heavy rainfall. The velocity observations
were made for 17 days during the summer at approximately 2-day intervals.

They concluded precipitation was the contrdlling factor, not temperature.

Bauer (1955), Ede Glacier, Greenland: daily movemeﬁt irreguliar, both in

magnitude and direction.

Millecamps (1956a, 1956b), Mer de Glace, France: movement very erratic,
‘'with many of the larger fluctuations occurring simultaneously at all
stakes (see L1iboutry, 1965, p. 627). The observations of velocity were
made twice a day for one month during the.summer on a group of 7 stakes,

all within an area roughly 200 m by 300 m.

Galloway (1956), Lyngsdalsbreen, Norway: movement irregular, jerky and
even backwards at times. The highest velocity was in the evening. The

measurements were made with an improved "gletscheruhr" at one point near
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the margin over a period of 18 hours.

In 1957 weertﬁan published the first detailed mathematical treatment of
the theory of glacier sliding (Weertman, 1957). The two mechanisms used,
pressure melting and enhanced plastic flow, had been suggested previously but
Weertman applied them to a "tombstone model" of the glacier bed: equal sized
cubes, equally spaced, on a plane. He found that pressure melting permits a
faster sliding velocity the smaller the obstacle, whereas plastic flow permits
a faster sliding velocity the larger the obstacle. Thus he assﬁmed the flow
is controlled by obstacles of an intermediate size, referred to as the "con-
trolling obstacle size®, for which there are equal contributions from the -two

mechanisms. He found the basal sliding speed to be

= (oongtant) e ' (3)

8 b

b
where R 1{s a roughness parameter (ratio of obstacle spacing to obstacle

size), 1, 1s the basal shear stress, n is the exponent in Glen's flow law,

b
and m = X(n+1). The constant does not involve any unknown quantities.

Lindig (1958), Gepatschferner, Hintereisferner, Gurglerferner: flow
- regular on the first glacier but jerky on the other two. The observa-

tions were made at intervals of 30-60 minutes.

Glen (1958), Austerdalsbreen, Norway: marginal siiding velocity of the
same order of magnitude as the central velocity, with no significant time

variation.

Mathews (1959), Salmon Glacier, British Co1umbia,-Canada: sliding velo-
city 45 % of the surface velocity (depth 495 m).
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Paterson (1961), Sefstrgms Gletscher, N.E. Greenland: made weekly ob-
servations with a theodolite of the surface velocity over a small portion
of the glacfer. Even though the observations lasted only one month
(August) he found a significant and consistent "decrease in velocity as
the season advanced", but he was unable to explain the decrease since he
did not think that surface meltwater could penetrate to the bed of a
polar-type glacier.

Vilesov (1961), Tuyuksu Glacier, Soviet Unfon: sliding velocity 65 % of
the surface ve1oc1ty'(depth 52 m).

Knizhnikoy (1961), Irik Glacier, Soviet Union: no significant changes

in the flow on a time scale of hours.

Glen and Lewis (1961), Austerdalsbreen, Norway: sliding at the margin

- varied from one point to the next and was only one-sixth of the central

velocity. Some of the more rapid movements could be correlated with
periods of high tempefature or heavy rainfall, but others showed no such

correlation.

- Moores (unpublished; see Ostenso, Sellmann, and Péwé, 1965), Gulkana Gla-

cier, Alaska, U.S.A: the two ice streams of the ablation area appeared
to flow similarly during the winter, with a velocity of only 6 % less than
the yearly value. In summer, however, the eastern stream reached a maxi-
mum velocity in July, 170 ¥ above the yearly value, whereas the western

stream reached its maximum in August, 140 % above the yearly value.

Savage and Paterson (1963), Athabasca Glacier, Alberta, Canada: sliding
velocity 75 % of the surface velocity in one borehole (depth 322 m) but
only 10 % of the surface velocity in another borehole (depth 209 m).




From August 1959 to September 1960 El1liston made measurements of the sur-

face velocity of 25 stakes in a longitudinal 1ine down the length of the Gor-
nergletscher, Switzerland ([Union Géodésique et Géophysique Internationale],
1963, p. 65-66). The seasonal velocities of five of the stakes are shown in
-Figures 18 and 19. In the accumulation zone, and down to 1 km below the
"accumulation lfmit" (3000 m), there was no significant change of the surface
velocity with time. However, from this point down to the terminus E1liston
did find a seasonal fluctuation, apparently increasing in magnitude as the
terminus was approached. The glacier was 20 to 70 % slower in winter and 20
to 100 ¥ faster in summer. No evidence of a wave progressing from the firn
to the terminus, as suggested by Schimpp and Bliimcke and Finsterwalder, could
be found. The increase of speed occurred in mid-April, the same time that the
ablation started, and the ﬁurface speed variations ‘could apparently be corre-
Tated with stream discharge variations reqorded at Zermatt, the latter lagging
behipd the:surface-speed by approximately Ane to two weeks. Elliston's in-
vestigation suggests that surface meltwater might cause the seasonal fluctua-

tions in the velocity of glaciers.

Kamb and LaChapelle (1964), Blue Glacier, Washington, U.S.A:  observed
basal s1iding 26 m below the surface at the head of a tunnel near the top
of an icefall. They found about 90 % of the surféce motion was due to
s1iding and also noted that the s1iding velocity "was not steady with
time but showed marked irregularities over time intervals of the order of
seconds". It also varied about 10 % from day to day. A regelation
layer (relatively bubble free ice containing chains of bubbles) up to 3
cm thick was also seen on the downstream side of the obstacles. This
layer was deformed over horizontal distances of 50 cm and greater and

they took this figure to be the "controlling obstacle sizef. This is an
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order of magnitude larger than Weertman predicted (1957). The ice bridg-
ed hollows in the bedrock anywhere from 4 cm to 10 m in length.

Weertman (1964): expanded his earlier theory of sliding to include a
range of roughness element sizes and to allow for separation in the lee of
obstacles, thus making it somewhat more realistic. The only thing to
change was the value of the constant in equation 3. He also considered
the effect of a water layer at the glacier bed. This layer is assumed to
be continuous and to be at the oygrburden pressure of the ice. Thus it
can flow freely along the interface. Weertman calculated that a layer
0.35 mm to 0.60 mm in thickness could submerge enough of the smalier ob-
stacles to account for the changes in the velocity observed by Elliston

([Union Géodésique et .Géophysique Internationale], 1963, p. 65-66).

Paterson (1964), Athabasca Glacier, Alberta, Canada: measured velocities
" over intervals of 3 or 4 months on 12 markers in a more or less longitudi-
nal line 3 km long and found summer velocities to be about 15 % greater,
and winter velocities from 4 to 13 % less, than the annual velocities.

He attributed these variations to changes in the amount of water at the
glacier bed. This hypothesis was given further support by weekly obser-
vations of velocity made in July and August, 1960. These showed an over-
all decrease during the period and, according to Paterson, were positively
correlated with measurements of the stream flow at the terminus, with a

delay time of 3 or 4 days.

Friese-Greene and Pert (1965), Bersaekerbrae, East Greenland: surface
flow and ablation were correlated on two out of three profiles. Like

Elliston they could find no suggestion of a wave in maximum velocity

moving down-glacier.




Lliboutry (1958, 1959, 1965): developed a theory of sliding which, in

addition to the preséure melting and enhanced plastic flow mechanisms,

considered the effects of water-filled cavities. He assumed the bed to
be sinusoidal (a “"washboard méde]"), rough in the direction of fiow but
smooth in the transverse direction. The water pressure in the cavities

is regarded as an independent variable.

Brecher (1966), Kaskawulsh Glacier, Yukon, Canada: no significant de-
partures of the surface velocities measured over intervals of several

days from the average velocity during the entire period.

Flotron (unpublishéd; see Haefeli, 1970), Unteraargletscher, Switzerland:
made several velocity measurements at the Pavillon Dollfuss profile from
1965 to 1966: Howeve}. the interval between observations ranged from
several days to 4 and 6 months and so all. that can be said of the results
is that the glacier moved faster between January and August than between

August and January.

Theakstone (1967), @sterdalsisen, Norway: sliding made up 50 % of the
surface motion and it variéd from month to month and from year to year.
The motfon of the ice was jerky close to the rock but became smoother
away from the rock. The measurements were made in natural caves at the

margin of the glacier.

Miller and lken (in press), Axel Heiberg glaciers, Canada: hourly vele-
cities appeared to be correlated to the frequency and amplitude of the
run-off. They also correlated the velocities measured over a few days

with the rate of melting.

Miller (1968), Khumbu Glacier, Nepal: the maximum velocity preceded the




maximum ablation rate by more than a month. MUller attributed this to

changes in the subglacial drainage system which allowed the "ground water

- level” in the glacier to increase and thus inject water into the ice-rock

interface. The measurements were made at 2-week intervals over a period

of 8 months.

Meier (1968), Nisqually Glacier, Washington, U.S.A: over a period of 22
years the surface velocity, surface slope and ice thickness changed by
large amounts. Using these datg'Méier calculated the corresponding

changes in shear stress and s1iding velocity at the bed and was unable to

- find any simple relationship. This implied to him that either (a) the

internal deformation model of glacier flow which he used was invalid, or
at least was very incompTete, or (b) the theories of glacier sliding

which retate shear stress to sliding velocity are invalid.

" Kamb and LaChapelle (1968), Blue Glacier, Washington, U.S.A: investigat-

ed the sliding at the head of a tunnel drilled through the middle of an
icefall. The surface velocity was 400 mm H’l and the surface slope was
45°. The tunnel, 65 m below the surface at bedrock, had two branches:
one, with extensive separation between ice and rock, had a sliding velo-
city of 350 mm d", and the other, with no separation, had a sliding vel-

oc'ity of only 10 m d.

Kamalov (1969), Davydov Glacier, Soviet Union: the average autumn velo-
city (Septembef to November) was higher than the average spring velocity
(March to May) ﬁnd the average autumn velocity was close to the average

annual velocity. The measurements were made monthly along a transverse

profile near the terminus.

Paterson (1970), Athabasca Glacier, Alberta, Canada: devised a method of
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estimating the sliding velocity at various points along the bed by extra-
polating from at least one measured value. The method.has few assump-
tions and does not use a flow law. Like Meler, however, Paterson was
unable to find a significant relation between basal shear stress and
sliding veolcity. On the other hand, he did find a significant relation-
ship between s1iding velocity and ice thickness, but he did not offer any

explanation for this.

Harrison and Kamb (1970), Blue Glacier, Washington, U.S.A: used borehole
photography to measure the sliding velocity directly during the summer of
1969. They found that it was 15 mm d'1 initially, but that it increased
to 30 mm dfi when the water pressure in the borehole changed suddenly
(over a period of about 30 minutes). A sepag;iion of a few centimeters

was observed between the ice and the rock. The sliding velocity as cal-

. culated from the deformation of the borehole and the surface velocity was

considerably higher than that actually observed. On the other hand, a
nearby hole drilled a year léter yielded a photographed sliding velocity
of 20 mm d", in good agreement with that calculated from boreholé inclin-
ometry, 24 mm ¢! (Harrison, writtep communication, 1972). Harrison also
noted that the surface velocity of the lower Blue Glacier decreased stead-
i1y through the summer (within the experimental error) and did not exhibit
any noticeable daily or weekly fluctuations; this fact has been verified

by Raymond (personal communication, 1972), at other points on the glacier.

Nye (1969, 1970): developed a theory of glacier sliding in which Tinear
viscosity and no separation of the ice from the bedrock are assumed. The
bedrock is taken as a plane with sinusoidal perturbations of small slope
superimposed. He calculates a regelation layer thickness in good agree-

ment with the observations of Kamb and LaChapelle (1964). He compares




the root-mean-square fluctuation in normal pressure to the overburden
pressure to decide when cavities can form; however, he does not calculate

the effect on the s1iding velocity should this take place.

Kamb (1970): developed the most elaborate theory of glacier sliding to
date. The bedrock topography is Fourier-analyzed and is characterized
by a "roughness spectral function". This is a much more realistic ap-
proach than that used by either Weertman or Lliboutry, but is similar to
that used by Nye. [Initially, 1?pear viscosity is assumed, but this is

later extended to the non-linear case. The separation of the ice from

- bedrock is treated from a point of view similar to that of Nye, but be-

tween that of Weertman and Lliboutry; he finds significant separation
requires water "under a head of pressure comparable to half the glacier

thickness".

Raymond (1971), Athabasca Glacier, Alberta, Canada: measured the sliding
velocity in a transverse profile of boreholes, using small extrapolations
(over less than 2 % of the depth of the glacier). Sliding contributed
between 81 and 87 % of the surface motion on the centerline. About half-
way from the center to the margin it was still 70 % of the surface velo-
city but near the margins the sliding velocity was very small. The gla-
cier was thus held back mostly by the friction near its margins. Raymdnd
suggested this lateral variation in sliding velocitx could be due to a
lateral variation in the difference between the pressure of water at the
bed and the overburden pressure of the ice. Sliding would be enhanced in
regions of high water pressure. Raymond did observe high water pressure

in the one borehole which he monitored.

Harrison and Lee (1971), Coleman Glacier, U.S.A: very large velocity




fluctuations over approximately two-hour time intervals, with values rang-

ing from near zero to about 700 mm d'l. The fluctuations were not syn-

chronous from one point to the next, nor was there any correlation with
temperature.  The measurements were made accurately with an electronic

distance measuring instrument.

2.5 SUMMARY

Glacier 8liding: observations

(a) Glaciers do slide, at least when their basal temperature is at the pressure
melting point. ,

(b) The ratio of sliding velocity to surface velocity is highly variable,
usually accounting for 50 + 40 % of the total surface motion.

{c) The sliding velocity varies from glacier to Qlaéier and from point to point
on the same glacier. In at least one case, it is greater at the middle
than at the margins.

(d) The sliding velocity has been observed to vﬁry both in a smooth and-an ir-
regular fashion on time scales of seconds, minutes, hours or days.

(e) The s1iding velocity does not have any obvious empirical correlation with
other parameters, except perhaps for the ice thickness (Paterson, 1970).

Glacter sliding:  theory

(a) Currently four mathematical theories of glacier sliding exist, but none
has been verified experimentally.

(b) A1l theories use the pressure melting and enhanced plastic flow mechanisms,
both of which have been observed at the beds of glaciers.

(c) The effect of cavities and meltwater at the bed is treated inadequately in
these theories. However, even without this complication positive experi-

mental verification in the field is very difficult.




Glacier fluctuatione:  hourly
(a) The surface motion of glaciers is almost invariably found to have large
and erratic fluctuations on a time scale of hours. Occasionally, however,

a smooth motion is observed.

(b) These fluctuations do not have any definite correlation with other para-

meters. They occur with or without crevasses in the vicinity.

(c) Some workers have found the day-time speed to be faster than the night-
time, the maximum usually being in the afternoon or evening. However,
most observations are inconclusive.

Glacier fluctuations: daily and weekly

(a) Irregular fluctuations also occur on a time scale of days or weeks but the
deviations from the mean velocity are generally less than those for hourly
fluctuations..:

(b) Often, but not always, large increases in velocity measured on this time

"scale appear to be related to periods of high femperature, heavy rainfall,
high run-off, or large rates of melting.

Glacier ﬂuctuat‘z-lo‘ns: monthly

(a) Glaciers undergo a definite seasonal variation in velocity in the ablation
area. The spring-summer velocities are greater than the fall-winter ones,
and the magnitude of the variation, relative to the mean annual velocity,
increases from the equilibrium Tine to the terminus.

(b) In the accumulation area there is either no signifjcant variation or a var-
jation opposite in phase to that of the ablation area.

(c) One glacier, the Hintereisferner, seems to have a seasonal wave, the velo-
city maximum occurring progressively later with distance down-glacier.

(d) According to Elliston, the seasonal changes in velocity are in phase with

the ablation and precede changes in the run-off by 1-2 weeks. However,

according to Miiller the movement precedes the ablation by more than a month.
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2.6 COMMENTS

Velocity fluctuations are one of the oldest and most documented features
of glaciers, and changes in the amount of s1iding at the bed have long been
suggested as their cause. This intuitive suggestion seems to be the most
likely but a detailed experimental verification is still lacking. The evid-
ence we do have points towards variations in the amount of water at the bed as
being the controlling factor, but unfortunately this is also the least known
part of any of the theories of sliding.

Of the three frequencies of f1uctuafions outlined above, the daily-weekly
ones give the strongest support to this idea, as it is very difficult to en-
vision what else could vary so markedly on such a time scale.

The often-quoted work of Paterson (1964) involves an eyeball comparison
between 2 or 3 measurements of ice velocity and stream discharge. The velo-
city points were distributed over 3 km of the g]a;ier surface and the stream
diécharge was from a lake at the terminus. Meier (1965) has'pointed out that
the delay time of 3 to 4 days found by Paterson is in conflict with the delay
time of a few hours found from other measurements. These connents'are not
meant to refute Paterson's work; they are merely meant to show the need for
further study.

The relations between seasonal variations in velocity, the sliding of gla-
ciers, and the amount of water at the bed are also far from conclusive, despite
many statements in the literature, for example, Paterson (1969, p. 196):

" fluctuations in the amount of water at the glacier bed are known to produce
seasonal velocity variations..."; or Weertman (1964, p. 300): "The field
observations of E1liston ... on the Gornergletscher show convineingly that
water at the bottom of a glacier can change markedly the velocity of glacier
movement". [italics added] Elliston himself said the evidence was only "very

suggestive". It is unfortunate that Elliston's work has never been properly
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published, particularly as his is the only one in which the stream discharge was

measured as well as the velocity. There is no indication of how representative
the run-off measurements were of the actual discharge from the glacier.

Most of the measurements of seasonal variations in velocity are only a
comparison between a winter value and a summer value or between a summer value
and a mean annual value. The measurements which lasted at least one year and
which were reasonably equispaced in time are considered of greatest interest:
Forbes (1846), Agassiz (1847), Lutschg-Lotscher (1944), Pillewizer (1949),
Schimpp (1958), and Elliston ([Union Geodésique et Géophysique Internationale],
1963, p. 65-66). Those of Kamalov (1969) are probably in this category also
but not enough information is available to warrant including them. Similarly,
the measurements of Rothlisberger and Aellen (unpublished) on monthly velocity
variations of the Aletschgletscher, Switzerland, hdve been omitted.

- Table 1 summarizes the main features of these observations and demonstrates
that: = (a) The time that'the speed starts increasing after the minimum can be
anywhere from January to April. April is generally the start of the melt season
at the latitude of these measurements but January or February are definitely
not (Hoinkes and Untersteiner, 1952). (b) The time that the speed starts de-
creasing after the maximum is usually around June or July. However, glacier
run-off reaches a peak in July or August due to the higher albedo in the spring
and early summer (Meier, 1969).

The correlation with meltwater is thus not as trivial as one is led to be-
lieve from the literature. Only point (b) has been noted before (Miller, 1968;
Stenborg, 1970). It appears that the run-off 1ags behind the speed of the
glacier.

Additional comments on these observations are:

(a) The experimental procédure is usua]]y not explained very well. With the

exception of E1liston, there is no discussion of the errors of measurement.
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(b) No corrections were made for longitudinal velocity gradients or for
changes in tilt of the stakes. These-may not be necessary but at least
they shdu1d be recognized.

(c) Most of the absolute values of velocity are relatively small (of the order
of 100 mm d'1). Errors in measurement will have a greater effect on a
slow glacier than on a faster one.

(d) The data are not filtered properly. Short time intervals (several days)
are mixed up with longer ones (several months). This means that the lar-

; ”;;; ger daily and weekly fluctuations-can significantly distort the seasonal

‘  $$ (e) None of the results discuss the effect of the ice thickness and surface

| slope changes. Again, the effect may be negligible but it should be con-

sidered.

-  Ea (f) There are a number of contradictions in the 1iterature, so that it is dif-
"ficult to analyze some of the results. For example:

(i) In a review of Schimpp (1960), Finsterwalder (1961) states that "the

PR PO _ :

measurements were repeated monthly throughout the year". Hoinkes and

; Tf? Rudolph (1962) claim that Schimpp surveyed the stakes "several times be-

I tween February'1953 and September 1954%  Schimpp himself, however, states
] & that the stakes were measured on the average every other month from autumn

| 1952 to autumn 1954I(Schimpp, 1958). This discrepency in the stated time
intervals is essential to a discussion of the reliability of Schimpp's re-
sults.

(11) In a synopsis of a paper presented by Elliston to a symposium on mass
balance studies in Cambridge, England ([Glaciological Society], 1962,

p. 289) it is claimed that Elliston's "top stake ... moved twenty-three per

cent faster than average during August, fell off to about two per cent less




than average by February, accelerated to thirty-five per cent above aver-

age by May and then slowed down to five per cent below average". This
directly conflicts with E1liston's later remark that there were no signi-
ficant (greater than 5 %) variations in the accumulation zone ([Union Géo-
désique et Géophysique Internationale], 1963, p. 65-66). Hopefully the

remarks at Cambridge were only based on preliminary results.

These comments should show that.the problem of the seasonal variations of
velocity of a glacier is by no means solved. The published measurements only
suggest that these variations reflect seasonal variations in the siiding velo-
city and that this is caused by changes in the amount of water at the bed.

The measurements are not adequate enough to indicate any details of the mech-

~ anisms involved. This investigation is an attempt to fill this gap.
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Chapter 3

THE NISQUALLY GLACIER

3.1 LOCATION

A glacier suitable for a detailed study of seasonal velocity variations
must be easily accessible at all times of the year. The most year-round ac-
cessible glacier in the United .States, and also one of the most in the rest of
the world, is the Nisqually Glacier, Mount Rainier National Park, Washington.
From the University of Hasﬁingtoh in Seattle, the Nisqually Glacier is a direct
distance of 110 km, a road distance of 188 km and a driving time of approxi-
mately 135 minutes. The Park Service keeps the road open to the ranger sta-
tion and visitor center at Paradise, only 1.3 km away from, and 200 m above,
the terminus. It is for this reason alone fhai the Nisqually Glacier was
chosen. |

Mount Rainier, also known by the Indian name of Ta-co-man (or Takoma), is
the highest of several late Tertiary and Pleistocene volcanoes rising above the
Cascade Range of western North America. Its last eruption took place between
1820 and 1854 (Mullineaux, Sigafoos and Hendricks, 1969) End there is sti11'én
active system of steam vents in the summit crater. It is not known if gla-
ciers on the side of volcanoes exhibit any different characteristics from those
in non-volcanic areas.

- Mt. Rainier, latitude 46° 51.2' N and longitude 121° 45.6' W, rises to an
elevation of 4392 m (14410 feet)”. Two-thirds of this height is above the
general level of the surrounding foothills.  The mountain lies west of the
crest of the Cascades and south of the Olympic Mountains and so is exposed to

the full force of the prevailing westerlies from the Pacific Ocean, less than

# Elevations will be given in feet as well as .meters because all available
maps still have contours in feet.
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160 km away. Extremely heavy orographic precipitation results, roughly 2 to 3
times that received in the Puget Sound lowlands, and about 86 % of it occurs
between October and May, mostly in the form of snow (Mefer, 1963a).

Despite heavy ablation at lower elevations in the summer, Mount Rainier,
by virtue of this heavy winter accumulation and its high altitude, is able to
support the most extensive system of glaciers in the conterminous United
States. Forty-one éfacieré can be counted, but 18 are smaller than 0.5 km2
and only eight are 1arger than 4 kmz (Meier; 1961). One of these large g1a-‘
c1ers and the Targest on the south side of the mountain, is the Nisqually |
Glacier (Figure 20 and Plates I and II). Starting from the crater rim at an
altitude of 4328 m (14200 feet) it descends southward a horizonta1 distance”
of 6.53 km to an altitude of 1414 m (4640 feet), a total drop of 2914 m (9560

feet) and an overall s10pe of 24°,

3.2 CHARACTERISTICS

A map of the Nisqually Glacier, with contours in meters, is given in
Figure 21. |

At an alitude of 3960 m (13000 feet) the glacier is §p1it by the Nis-
qually Cleaver. Most of the ice flows to the west of this through the Nis-
qually Icefall, but a substantial part of it passes to the east over the Nis-
qually Ice Cliffs. Below the cleaver the two streams reunite and descend
to 2620 m (8600 feet) where the Nisqually Glacier is joined on the west by its
major tributary, the Wilson Glacier. The Wilson continues to flow into the
Nisqually down to 2160 m (7100 feet). At this point, 4.0 km from thg crater
rim, the Nisqually Glacier flattens out considerably and becomes a fairly

valley glacier. Below 1830 m (6000 feet) it steepens slightly and is forced

* All figures in this report refer to the 1966 surface, the date of the most
recent published map, unless otherwise stated.
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against the west side of the canyon by two nunataks*. -The ice presently ter-
minates af the south end of the lower nunatak.
The total area of the Nisqually-Wilson system is 5.92 kmz. The Nisqual-

2

ly Glacier itself has an area of 4.43 km“ and an average width of about 600 m.

The Wilson Glacier is a small cirque glacier which is fed by avalanches

as well as snowfall. The contribution to the flux of ice in the lower Nis-

~qually Glacier from the Wilson Glacier is small, probably less than 25 % of

the total discharge at the 1900 m level (Meier, personal communication, 1972).

In the 1940's a substantial amount of bedrock was exposed along the line sep-

arating the two glaciers and also over some of the present area of the Wilson

Glacier itself. This is well documented by the photographs of Veatch (1969,

p. 10, 11 and 19) and these photographs have been used to estimate the bedrock

areas shown in Figure 21. For this study the effect of the Wilson Glacier

wi]l be neglected since all it does- is complicate the spatial flow variations
and presuﬁably does not affect the time variationé. '

Around 3.7 km from the crater rim, at an elevation of 2225 m (7300 feet),
the Nisqually Glacier undergoes an overall change of slope. Above this point
the mean slope is 30° and the area is badly crevassed in the summer and fre-
quently swept by avalanches in the winter; below this point the mean slope is
only 14° and, except for isolated areas, this part does not have severe ava-
lanche or crevasses problems. Confining the investigation to the lower part
was not a difficult decision. .

A boundary to this region was arbitrarily drawn slightly above this point,
3.6 km from the crater rim (Figure 21). The region will be referred to as the
"lTower Nisqually Glacier". It has an area of 1.73 kmz, a length of 2.95 km,
a maximum width of 750 m, and descends in altitude from 2280 m (7500 feet) to

# Not technically true "nunataks”" because the ice does not completely surround
them. However, it has in the recent past, and they are known locally by this

term.
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1414 m (4640 feet). ‘ Unless specifically stated otherwise a1 statements and
all data will pertaih to this area only.

This division of the Nisqually Glacier has further significance. Al-
though very little mass balance information is known on-the glaciers of Mount
Rainier, aerial photography and general observation indicate that the firn
Tine is currently between 2100 m and 2600 m (Meier, 1963b). Bender and Haines
(1955) placed it at 2300 m in 1952 and Meier and Post (1962) placed it at 2100
m in 1961. Thus the lower Nisqually Glacier approximately corresponds to the
ablation zone and the upper Nisqually Glacier to thé accumulation zoﬁe. The
boundary between the two (the equilibrium line) is difficult to specify exactly
because of the heavily crevassed and complex surface {Plate III).

The Tower Nisqually Glacier has a strip of rock-free fce about 100 m wide
down its west halff On eifher side of this are thick morainal deposits.

The valley walls on the west are steep, loose and_dangerous and are accessible
from the glacier at only one point with some degree of safety (at approximately
1925 m elevation). The entire west margin is bdried under debris from rock
and snow avalanches aﬁd the east margin is obscyréd by morainal material.
Fortunately the east side can be reached safely and easily at a number of
places.. A prominent moraine (dated at about 1840) runs along most of the east
side. ‘

Because of its steeﬁ surface slope, the Nisqually Glacier is relatively
fast-moving. Speeds of up to 1000 mm d'] have been measured at the top of
the lower Nisqually Glacier. The steepness also implies that the glacier
should be relatively thin, for if we assume that fce fS 2 perfectly plastic
material with a yield stress of 1 bar then the thickness 1s given by (Nye,
1951):

h = (pg sina)™? ; (1)




The lower part would have a mean thickness of 46 m, and the upper part 23 m.

The irregular and badly crevassed surface topography suggests, however, ihat
the bedrock topography is also complex, and so we would expect these values to

be only very crude estimates of the depth.

3.3 METEOROLOGICAL CONDITIONS

Weather data has been recorded since 1916, with some interruptions, at
Paradise, élevationulﬁsz m (5420 feet). Monthly values of the average daily
temperatdre extremes, the total precipitation and the total snowfall, averaged
over the period 1920-71 and over the twelve years 1960-71, are given in Figure
22. Figures 23 and 24 show the average annual temperature T, the annual pre-
cipitation P, the annual snowfall S, and the maximum depth of snow D, as a
function of time. . Other climatological highlights are listed in Table 2.

The. trends in these quantities are more apparent if one plots the cumula-

tive departure from the mean for the entire period. This is defined as

. _ | .
Af(t) = “,r (f(t’)-?? dt’ _ (2)
where °
At
F o= o f e a (3)
o]

is the mean value of the function f(z) over the time interval at. Values
of AT, AP, AS and AP for Paradise are included in Figures 23 and 24.

These curves clearly show the trend to a colder, wetter climate during the
late 1940's and early 1950's .

| Snow usually begins to accumulate on the ground at Paradise in late Octo-
# Migsing data has to be supplied by interpolation in order to evaluate equa-

tion 2. This introduces some error. However, the same trend is shown by
continuous records from westher stations in the Puget Sound lowlands (Richard-

son, written communication, 1972).




ree

-

AVERAGE DAILY

TOTAL

20 I 1 I I | 1 I I 1 T i
» : | ‘
s : —— 1960 - 197/ Inc. B 1
W s ——= /920 - IS7! .
@ : )
e . Moximum ;
x - :
W 1o -
P :
59 sk J
-2 3 ;
< u -
e : :
o or- -
= I 4
W I -
- -5 -
-0k _|, 4
- 4 830 [ o i . -
o L — /960 - I971 inc. ]
= ek —== /920 - 197/ . -
: L -
a E ! 4
- O
o~ 20 .
u -
~ !
a 10} -
)
=
400} .
-
J - B
v
= 300~ -
o ~ I |
zE — 1958/60 - 1970/71 Inc.
~ 200 | —== 192072/ - 1970/7/ ~
2 i / .
- 1 ' 0/
o 1oof \T ) S~nz35
b ” R
[0 )] e R ™ P i isaasiiesarannasasasan sansras anssnnates
V] FI M| A M| J o] af[sfo|N|D
Figqure 22. Monthly meteorological parameters for Paradise, Mt. Rainier

National Park. The values are averaged over two periods, 1920-71 ( n
years of records) and 1960-71 (12 years of records). The error bars
give the standard deviation (of a single observation) and are approxi-
mately the eame for both averaging periods.




%]
L
e
e
e
"
4
=4
d 11
i

3 AR

e R

i

56

LU SO B S Dt BELER B On ) yrreryTea LR (iU EEL I LR T A I rrrryprree | L UL L L L)

+8 E ”l’\o o

= ./". \\ =

3 4 \ ]

— [ ) / \ i
o # J \ 3
[ : / \ -
= ‘r / L P
'<-1 2 E ,f'*’ N /\‘,’.\,‘,\\ 7
- ° / "1

9 VAt Mean T = 3.4°C N AT

i s Vo 1

+200 - s

AT A K

o— - '\.[.\ -
E = \ -
o 5 \ d
e -200 |- v‘-. -
a 8 =
q 5 \ :
-400 | \ g N

- X ,/ N

—_ LY ™Y =

\ ’,r i

- 600 |- ‘\.»’ =
L 4 o
5 ® ':
/ /! ® L ]
4 / o\ \ *
o ) ‘ II .\\ i f

o f

S AN \ b ]
: 2 [ — \ :
g ~
z = -
sso [ \ ’.——_~ /.\/ -
-~ I 3 \ s T / al
5 i /\ ‘\ -~ ° % J }
<~ 280F N\ _. - -
= F VAN .
L \ S\ b
5 L] -
150 - -

P BRSBTS SN BN AU S N B VAN S U N W A Il PR TR ANPIT S SO VAN I TN NN VY TN NN WO VY SORT W N Y AN Y | 44

1920 1930 1940 1950 1960 1970
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Mt. Rainier National Park.
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Period n Mean g o
Average annual temperature (°C) | 1920 - 71 35 3.4 | 0.7 | 0.1
‘ ' 1962 - 71 10 3.1 0.7 0.2
Annual precipitation (cm) 1920 - 71 36 272 55 9
1962 - 71 10 267 51 16
Annual snowfall (cm) 1920 - 7 43 1491 378 58
1962 - 71 10 1665 427 135
Maximum depth of snow (cm) 1920 - 71 50 499 126 18
' 1962 - 71 10 526 128 a1
Lowest temperature = =28.9 °C éDec., 1932)
Highest temperature = 33.3° Aug., 1920)
Greatest annual snowfall = 2841 cm (1971 - 72)
Greatest depth of snow = 907 cm. March, 1956)
Greatest 24-hour snowfall = 94 cm Jan. 11, 1972)
= 704 cm January, 1972)

Greatest monthly snowfall

Table 2.

Climatological swmary for Paradisé, Mt. Rainier National

Park. Compiled by the author from data supplied by Phillips (1960),
Richardson (uritten commmication, 1972) and Bishop (written communi-

eation, 1969, 1970).

n 18 the number of years of records, o ie the

standard deviation of a eingle observation (ome year) and o is the
etandard deviation of the mean.




IR ATL A S e N TG Al TRidiw s T

B o

59

ber and continues to accumulate almost without interruption until March or
April, when there is usually 5-6 m of énow on the ground. By late June or
early July most of the snow at Paradise has melted away.

Snowfalls of 250 em in one storm lasting several days are not uncommon.

For example, {n 10 days in January 1972, a total of 401 cm of snow fell, an

average of 49 cm d™).  The snowfall of 1971-72 (2841 cm) was the heaviest ever
recorded in North America, surpassing the previous Paradise records of 2608 cm
(1970-71) and 2541 cm (1955-56).  Furthermore, the snowfall at Paradise agrees
closely with that 2.5 km away on the Nisqually Glacier (section 9.3). Thus
one of the world's heaviest snowfalls occurs on this 915Cieff°

The Meteorological data given here were compiled by the author from in-
formation suppiied by Phillips (1960), Bishop (written communication, 1969,
1970), and Richardson (written communication, 1972).

3.4 ADVANCE AND RETREAT OF THE TERMINUS

In the 1ate Nisconsiﬁ, the Nisqually Glacier was about 33 km long, extend-
ing Just pagt the town of Ashford (Crandell, 1963). It reached its maximum
extent in recent times around 1840, at a point about 300 m downstream from the
new N1squally River Bridge. This position, approximately 2 km below the pre-
sent terminug, {s marked by a noticeable demarcation between a young and old
forest. It was accurately dated by Sigafoos and Hendricks (1961) by determin-
Ing the ages of 253 tree samples. On the moraine the oldest trees date from
1842-48 whareas down-valley from the moraine there is volcanic ash about 3200
years 0ld. The Nisqually thus reached its maximum recent length about 100
years later than most other glaciers in the world. A 1750 moraine exists for
# VWhen dril1ling boreholes through the Nisqually Glacier in March 1972, the
8uthor messured snow depths of 13.5 m in three different locations. It is in-

Teresting ¢, compare this to the maximm snow depth of 0.8 m recorded by Balmat
during the winter of 1844-45 on the Glacier des Bols and the Glacier des Bos-

sons (Fofhan, 1846, p. 182).
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the Emmons Glacier on the other side of the mountain (Sigafoos and Hendricks,
1963) but there appears to be no evidence for a 1750 maximum at the terminus
of the Nisqually Glacier, as suggested by Harrison (1956). °

The Nisqually Glacier was discovered by Kautz in 1857 (Meany, 1916). It
was visited again in 1870 by Emmons and Wilson and the terminus was first pho-
tographed in 1884 by Mason. In 1896 Russell, Smith and Willis noted that a
general recession of all the glaciers on Mount Rainier was taking place (Rus-
sell, 1898). |

The first measurement of the position of the terminus of the Nisqually,
and of the rate of movement: was done by LeConte in July 1905 (LeConte, 1906,
1907).  There is fairly good evidence, however, that around this time the gla-
cier was undergoing a ﬁﬁnor advance. A photograph taken in 1903 shows a steep,
bulging terminus with vertical crevassing, typical of one that is advancing
(Meier and Post, 1962). Other photographs, two more measurements in 1908 and
1910, and some small moraines left behind all point to an advance of about 100
m just after the turn of the century (see Harrison, 1951, p. 8, and Veatch,
1969, p. 24-25, for photographs). In 1918 the National Park Service accurate-
1y measured the position of the terminus and has continued this measufement
annually ever since.

Figure 25 shows the recession from 1840 to the present; the data before
1918 have been taken from Harrison (1956) but the incorrect (1750, 1825) and
the doubtful (1855, 1870, 1893) points have been eliminated. From 1908 to 1953

the terminus receded 940 m, at a fairly steady rate of about 21 m a’l,

For

the next ten years the terminus was stagnant and the measurements indicate mere-
1y the haphazard melting of the residual ice. In 1963, however, the terminus
started to advance and by 1968 it had cavered approximately 130 m of bare ground

# Found to vary from 155 mm el to 412 m a7 at & point about 1355 m from the
present bridge (about 915 m above the terminus at that time, but about 400 m
below the present terminus).
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with 70 % of the advance occurring in the two years 1964-66. Since 1968 the

terminus has been retreating again, about 5-10 m a1t is interesting to

note the period of 4 years (1963-67) is almost identical to that of the advance

60 years earlier.

3.5 THE KINEMATIC WAVE

The last advance of the Nisqually Glacier was part of an overall increase
in activity of glaciers in the Cascade and Olympic Mountains of Washington
State which took place in the 1950's ‘and 1960's. This is attributed to a gen-
eral increase in precipitation since the late 1940's in this area (Hubley, 1956;
see also Figure 23). However, the Nisqually Glacier is unique in that the ad-
vance had been anticipated and has been well documented by A. Johnson (1949,
1954, 1960), Giles (1960) ﬁnd Richardson (written communication, 1972).

In 1931 tﬁe U.S. Geological Survey established two profiles across the gla-
ciér at distances of 530 m and 1260 m from the (1966) terminus (known as "Pro-
file I" and "Profile II" respectively). Surface elevation and velocity were
measured on each profile. This was repeated in 1932, 1933, and 1936, and then-
was discontinued. It was resumed in 1941 by A. Johnson, who added a third
profile (I11) 2280 m from the (1966) terminus (Figure 21).  The measurements
have been repeated annually ever since..

In 1946 A. Johnson noticed a definite thickening in the uppermost profile.
In 1949 the midd1e profile started to thicken and in 1955 the lowermost one did
also. Thus, while the terminus was continually thinning out and receding, the
glacier was increasing in volume at higher elevations and a "wave" of thicken-
ing was travelling down the glaciér. In 1955 this wave reached the stagnant
jce at the terminus. In 1962 it reached bare ground and caused the advance

recorded in Figure 25.

This waye can be clearly seen in Figure 26; which shows the change in mean
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surface elevation at the three profiles as a function of time, and it is ex-
cellently portrayed in the photographs of Veatch (1969, p. 28-33 and 36-40).

The crest of the bulge reached an amplitude of over 30 m and the ice velocity

increased by a factor of 20 (Mefer, 1963c). Moreover, the wave form changed

shape as it progressed down-glacier, with the crest travelling faster than the
trough. In fact, when it reached the lowermost profile the change in ice vel-
ocity due to the approaching wave had become discontinuous and the wave had
developed the characteristics of a “shock wave". Physically, this simply cor-
responded to the fast active ice overriding the almost stagnant ice at the ter-
minus.

The Nisqually wave is one of the best examples of the "kinematic waves"
predicted mathematically be Nye (1958, 1960, 1963) and Weertman (1958). It
has been partially analyzed by Meier and J. Johnson (1962) and by J. Johnson
(1968). The crest of the wave travelled down-glacier with a speed of 0.4 km
a'l, much less than the speed of the seasonal wave noted by Schimpp on the Hin-
tereisferner but in agreement with that predicted for kinematic waves, about
2-6 times the ice velocity. According to J. Johnson the diffusive effect of
the surface slope should be sufficient to prevent the wave front from steepen-
ing and forming a shock wave. This difficulty is probably caused by the fact
that the Nisqually wave is not a "small" perturbation, as assumed in the
theories, since the 1ce thickness is probably no greater than 100 m and the

amplitude of the wave was 30 m.

3.6 OUTBURST FLOODS

Apart from this kinematic wave the Nisqually Glacier is also known for its
infamous glacier outburst floods, or *jokulhlaups" (Richardson, 1968). Huge
quantities of water appear to be released from within ar beneath the glacier.

Four major floods are known to have occurred from the Nisqually Glacier, all in
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~the month of October. The floods of 1926 and 1934 only damaged the bridge be-
-1ow the terminus but the floods of 1932 and 1955 completely destroyed it. The
cause of these is not known. Some occur during or after a heavy rain, but

others occur in dry periods.

3.7 OTHER MEASUREMENTS

A topographic map of Mt. Rainfer National Park was made by Mathes of the
U.S. Geological Survey between 1910 and 1913, using planetable techniques. It
has a scale of 1:62500 and a contour interval of 30.480 m (100 feet). Unfor-
tunately 1t is still the only map available for most of the mountain *. In

2

1913 the glaciers covered an area of 104 km“, down from the estimated maximum

of 140 km2 in the middle of the nineteenth century. By 1950 this area had
shrunk to 88 kmz.but does not appear to have changed much since (Post, 1963).

Topographic maps of the Nisqually Glacier have been made every five years
since 1931. These were initiated by Evans and Parker because they wanted to
know the effect of the recession of the Nisqually Glacier on the hydroelectric
power developments on the Nisqually River. 1In 1931, 1936, 1941 and 1946 the
maps were made at a scale of 1:9600 with planetable methods and cover only the
lower part of the glacier, with a contour interval of 15.240 m (50 feet). The
1951, 1956, 1967 and 1966 maps were done with aerial photogrammetry and they ex-
tend almost to the top of the mountain, with a scale of 1:12000 and a contour
interval of 6.096 m (20 feet). The 1956 map extends over some of the surround-
ing terrain with a contour interval of 12.192 m (40 feet). This map, and the
1966 one for the glacier surface, together comprise the most up-to-date map
available of the Nisqually Glacier and its nearby terrain.

Yearly pﬁotographs of the Nisqually Glacier from a number of fixed points

* perial photographs for a new map of the park vere taken in 1970 and the
ground control was done in 19T1. However, it is . not due for publication until

1974 (Bishop, personal communication, 1972).
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have been taken by Veatch (1969). This started in 1942 and has continued to

the presént.

In 1952 and 1956 the Nisqually Glacier was mapped using terrestrial photo-
grammetry by Hofmann (1955, 1958).  Hofmann concluded there had been a net in-
crease in volume in the four year period, and that most of this appeared to
come from the Wilson Glacier. He also measured short term velocity profiles
by photogrammetry.

Time lapse photography of the lower Nisqually Glacier was done by Miller
in 1959,

In 1961 Meier made some ablation measurements on the lower Nisqually Gla-
cier (Meier and Post, 1962). He estimated the average net mass balance to be
-8.7 m of water equivalent at the 1600 m Tevel, with an activity index (verti-
cal gradient of net mass balance at the equilibrium Tine) of 15 mm m.

In conjunction with the surface elevation measurements made annually at
each of the cross profiles, the U.S. Geological Survey has also made many

measurements of mean annual velocity and surface slope.




Chapter 4

THE TRIANGULATION NET AND THE GRID SYSTEM

Basic to all measurements is the establishment of a set of fixed ref-
erence points in a three dimensional coordinate system. From these known
points (referred to as "triangulation points", or simply "TP's) horizontal
and vertical angles to an object can be measured and its coordinates calcu-

lated by simple trigonometry.

4.1 DESCRIPTION OF THE TRIANGULATION POINTS

So that measurements can be made all through the year the triangulation
points have ta be at prominent, windy locations so that Tittle or no snow ac-
cumulates on them. Fortuﬁate]y, practically all storms on the Nisqually Gla-
cier are windy ones. A number of U.S. Geological Survey bench marks already
existed on the east side of the glacier but only one of them (BM 5298) was
suitable for winter surveying. .Moreover, none of their coordinates were
known reliably enough for precise surveying (Meier, pgrsona] communication,
1968). . It was decided to.start from scratch and establish an accurate tri-
angulation net suitable for winter as well as summer use.

In February, 1968, a reconnaissance of the area was made and suitable
sites chosen. They not only had to be in windy locations, but they also had
to be safely accessible within a reasonable time from Paradise. Ideally,
two points from which the entire glacier was visible would be sufficient;
unfortunately not one such point exists, even in the summer. Instead four
points (TP-1, TP-2, TP-3, and TP-4) had to be used so that the entire lower
glacier could be covered (Figure 27). Sites closer than TP-1 to the upper
part do exist but they require too much time to reach and they are exposed

to avalanches in the winter.
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These four points are almost collinear and by themselves define a very
“weak" net. To corect this a fifth point, TP-5, was established on a bluff
*
about 130 m above the west side of the glacier . Finally, two points, TP-6

and TP-7, were-placed on the moraine below TP-2 to form a base line. The

seven points TP-1 through TP-7 comprise the "basic" net of triangulation
points (Figure 28). '
The four points, TP-1 through TP-4, were used for the first year of mea-

surements. However, TP-1 and TP-4 were far enough away that two days were

necessary to complete a survey of the entire glacier. This became a consider-
able disadvantage in the winter, when days of good weather are few and far be-
tween. During the course of the first winter three more points, TP-8, TP-9
and TP-10, were located which, together with TP-3, enabled the entire glacier

to be surveyed in-one day. Two more points, TP-11 and TP-12, were added so

that more of the terrain on the east side could be covered. These five addi-

tional points and the original seven points make up the "extended" net (Fig-
ure 29).

Only the points 1,.2, 3, 4, 8, 9, and 10 were intended for winter use.
Of these 1, 2, 3, 4 and 9 proved to be excellent for this.purpose, with never
more than a few centimeters of snow accumulating at each one. TP-8 and TP-10,
although they remained free of snow the first winter (when they were not in
use), both got buried under some snow in succeeding winters. They were never
Tost but the snow level in May 1971 did come within 5 cm of the top of the mark-
er at TP-8. This point, however, has the advantages of being one of the clos-

est triangulation points to Paradise and of having more coverage of the glacier

than any other point.

* No points on the west side of the glacier could be used for normal surveying

because (a) the syalanche danger is high, (b) they would tal.ie too long to
reach, and (c) they would involve the usual hazards of glacier travel each time

they were used.
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The exact position of each triangulation point was marked by a 25 mm (1 .

inch) diameter hole drilled 20-30 mm into the rock. A length of steel tubing,

1.7 m long and painted bright orange, was placed in this hole. The hole could
be neither tight nor deep as otherwise this marker pole might freeze in place.

| The pole was therefore held upright with three light cables running to pitons

or bolts in the surrounding rock. Turnbuckles were placed in each cable so

that the marker pole could be positioned vertically with a small carpenter's

level and removed easily when occupying the point.

Three small holes were made in the rock to hold the tripod legs securely
and the legs were marked clearly for each TP. In this way, the instrument
height for each TP was always constant and the set-up time was greatly reduced.
The position of the telescope axis was marked with black tape on the marker
pole and all observations refer fo this mark. Errors caused by the marker
pole not being plumb or the theodolite not béing positioned exactly over the
center of the hole in the rock are never more than a few millimeters. |

The theodolite was always shaded from direct solar radiation. An umbrel-
la was mounted on the end of a pole and this pole was braced in a suitable pos-
ition with guy lines running to the anchors used for the.main marker pole.

The sun was never allowed to strike any part of the theodolite except the wood
of the tripod legs.

A1l theodolite measurements in this study were made with a Kern DKM-2
theodolite, read to the nearest second of arc. Instrument #35133 was used for
over 90 % of the observations. A newer model, #65779, was used only when
necessary, either when two theodolites were needed simu]taneous]y or when the
other one was being repaired (after being knocked over by a sudden gust of

wind).



4.2 THE BASIC NET

At various times during July 1968 each triangulation point in the basic
net was occupied and horizontal and vertical angles were measured to all the
remaining points, with the sole exception of TP-2 to TP-4, which is not inter-
visible (Figure 28).

A total of 40 directions were measured, with either 4 or 8 observations
being ‘made.of each direction. By "direction" we mean a sighting along one
side of one triangle in one direction. By “observation" we mean an average
of two readings of the theodolite, one in the "direct" and one in the "invert-
ed" position. In many surveying analyﬁés, these are considered as separate
observations. However, the "standard deviation of a single observation" then
becomes meaningless for the vertical angles when there is a significant colli-
mation angle, which is a1most always the case. Averaging the direct and in-
verted angles eliminates this effect and makes the standard deviation meaning-
ful. Thus this convention will be used and, in a sense, the number of obser-
vations can be considered to be twice that which is quoted.

- The standard deviation of the mean of the horizontal angles varied from .
0.3" to 2.3", with an average of 0.96", whereas that for-the vertical angles
varied from 0.4" to 4.5", with an average of 1.64". [It is always understood
that "standard deviation" refers to the best estimate of the standard devia-
tion.] Many more angles were observed than the minimum required to calculate
the coordinates of the triangulation points. This redundancy can be used to
make s1ight adjustments to the angles by making the net satisfy certain physi-
cal and geometric requirements.

The horizontal part of the net was adjusted using the condition equation'
method (Rainsford, 1958). A total of 25 condition equations were written, re-
lating 35 observed horizontal angles. These consisted of 2 station conditions

(the sum of all angles around a point must be equal to 360°), 14 triangle con-
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ditions {the sum of all interior angles in a triangle must be equal to 180°
plus the spherical excess of the triangle), and 9 side conditions (the value
of a side must be the same by whatever route it is computed),' The spherical
excess of a triangle in seconds of arc is approximately 4/197 where 4 is
‘the area of the triangle in square kilometers. Thus, since the largest tri-
angle only covers about 1 kmz, the spherical excess is.complete1y negligible
and a rectangular Cartesian coordinate system can be used.

Each condition equation_represents one redundancy and so the horizontal
net is "over-observed” to order 25. A Teast-squares solution to this set of
equations was done using a general purpose matrix solution program (SMIS)-
available from the University of Washington Computer Center. The standard
deviation of unit weight of the corrections to the observed angles was 5.30".

The scale of the net was determined by measuring the dfstance from TP-6 to
TP-7 with a steel surveyor's tape. The tape was supported at three intermedi-
ate points and a spring balance was used to determine the applied tension.

Ten observations were made of the distance and corrections for sag were made.
No corrections for tension, temperature or standardization were made as the
tape constants were unknown. The mean slope distance, adjusted for sag, was
88.3976 + 0.00082 m. The mean slope of the base line, determined from the
vertical angles measured at each end, was 010° 20' 11.4" & 1.1".  The horizon-
tal componént of the base 11né is thus 86.9630 + 0.00082 m.

The axes of the grid system are, of course, arbitrary, but they have been
chosen so that, as close as possible, the X axis is in the true south direction,
the Y axis is in the true east direction, and the origin is at sea level direct-
ly under the highest summit of Mt. Rainier (Columbia Crest). The transforma-
tion was facilitated by the fact that one of the triangulation points, TP-6,
was placed exacfly over the U.S. Geological Survey bench mark 6293 and another,
TP-4, was placed 23 cm north of bench mark 5298. On the map these two bench




75
marks make an angle of 031° 21.5' with the north-south direction; after the
net adjustment this angle became 031° 18' 47.8". This fixed the orientation
of the grid system. The origin was fixed by requiring TP-6 to have cogrdi-
nates x = 5200.000 m, y = 1930.000m, =z = 1918.110 m (6293 feet). The re-
sulting system not only satisfies the above requirements but also has the pro-
perties that the entire Nisqually-Wilson glacier system is in the first quad-
rant and the dominant motion of the Nisqually Glacier is in the +x direction
(Figure 21).

The verfica] net was also adjusted using the condition equation method,
but the differences in elevation were adjusted instead of the observed angles.
These differences in elevation were calculated from the observed reciprocal
vertical angles by using the method described by Hosmer (1919). A total of 14
condition equatiops, relating 20 elevation differences, were used in the adjust-
ment. The standard deviation of unit weight of the elevation differences af-
ter adjustment was 14 mm. |

The adjustment of both the horizontal and vertical nets was done by Mr.
Jerry Hautamaki of the University 6f Washington Computer Center. The setting
up of the condition equations was dbne‘by hand but they were solved numerically
with an IBM 7090/7094 digital computer. The final coordinates of the seven

basic triangulation points are given in Table 3.

4.3 THE EXTENDED NET

The adjustment of a triangulation net containing 7 points is a very tedi-
ous chore. Consequently when the 5 additional points (TP-8 through TP-12)
were added to the net a year later, after the basic net had been adjusted, it
was decided not to attempt to adjust the entire set of 12 points but rather to
consider the basic net as forming a set of accurate base lines from which the

new points could be calculated by simple trigonometry. As will be shown later
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TP x Yy 2 hi z_
] 4755.354 2422.966 2151.090 1.258 2149,832
2 5257.778 2149.169 2003.161 1.545 2001.616
3 5723.550 1737.804 ‘| 1843.592 1.580 1842.012
4 6363.052 1222 .481 1616.375 1.497 1614.878
5 4775.584 1108.275 2083.488 1.478 2082.010
6 5200.000 1930.000 1919.279 1.169 1918.110
7 5280.011 . | 1895.929 1903.424 1.257 1902.167
8 5771.353 1952.190 1932.611 1.551 1931.060
9 5251.688 2241.189 2069.633 1.066 2068.567
10 6254.592 1529.125 1707.939 1.514 1706.425
11 5531.699 2357.483 2096.587 1.381 2095.206
12 6345.384 1872.986 1836.755 1.480 1835.275
X 4923.541 | 1164.143 -- -- 1945.014
Table 3. The coordinates of the triangulation points. All values

are in meters. "X" vefers to a painted cross on the rock cliffs

under TP-5. (x,y,8) are the coordinates of the telescope axis of
the theodolite, zp is the elevation of the rock surface, and hi i8
the height of the instrument, 8 = 2z, + h. '
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this procedure does not cause any significant error.

A1l triangulation points, except TP-2, were occupied at various times dur-
ing the summer of 1969, and all new sightings which were possible were mea-
sured. TP-2 was not occupied since none of the new points could be seen from
it. The terrain intervened on a number of sightings this time; the success-
ful ones are shown in Figure 29. Six observations were made along each direc-
tion. The standard deviation of the mean of the horizontal angles ranged from
0.4" to 2.1", with an average of 1.02", whereas that for the vertical angles
ranged from 0.4" to 2.9", with an average of 1.26".

The calculations were done in the following fashion:

(a) A1l possible triangles were formed which involved two TP's from the basic
net and one unknown TP, and in which all three interior angles were observed.
The misclosure (the difference between the sum of the interior angles and 180°)
was distributed equally among the three horizonta]langies and the (z,y) coordi-
nates of the unknown TP were ca]culated*. The =z coordinate was calculated
from the mean of the two reciprocal vertical angles measured at the ends of
each leg of the triangle. Each triangle was weighted directly as the sine of
the interior angle at the unknown TP and inversely as the mean distance to the
two known TP's. Weighted mean coordinates, known as "primary" coordinates,
for the unknown TP were then found by averaging over all such triangles involv-
ing that TP.

(b) A11 other possible triangles were formed, thus ensuring that all observed
angles were eventually used in the calculations. At least one of the TP's at
the ends of each "base 1line" was now a new TP.  Such TP's were assumed known
and their coordinates from the primary calculations used. A secondary set of
coordinates for the "unknown" TP was then calculated, using the same procedure
as described above; these were then combined with the primary ones to give

# A complete discussion of the equations used is given in section 6.2.2.
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the final values. The secondary coordinates were only weighted half as much
as the primary ones.

" The mean coordinates of the new points, their standard.deviations and the
number of triangles used are given in Table 4 for the primary, secondary and
combined calculations. TP-12 could only be calculated by the secondary pro-

cedure.

4.4 THE FINAL TRIANGULATION NET AND ITS ACCURACY

Table 3 gives the final coordinates of all 12 triangulation points and
Tables 5 and 6 give characteristics of the net which are needed for calculating
the coordinates of a point observed from the net. Since all observations,
both with the theodolite and the surveyor's tape, were made at the position of
the telescope axis of the theodolite, which remained constant, the instrument
height &, and the elevation z_ of the rock surface are irrelevant to this
study; they are included iﬁ Table 3 only for the sake of completeness. The
z value of a triangulation point is always understood to refer to the telescope
axis, not the rock 5urface, and the (x,y) values to the center of the hole
drilled in the rock. |

A thirteenth point, labelled "X", has been added to the tables. This re-
fers to a white cross painted on the rocks below TP-5. It was placed there
for other reasons but unexpectedly had to be used as a theodolite reference mark
in May 1971 when the record snowfall of that winter blocked off all other tri-
angulation points from TP-8. Its coordinates are not nearly as accurate as the
other points; however, this does not affect velocity calculations provided it
is also used as the reference mark on succeeding surveys.

Errors in the coordinates are due.to three sources: (a) errors in the lo-
cation of the origin and the orientation of the axes, (b) errors in the base

1ine measurement, and (c) errors in the angle measurements. Since the grid




Primary n 10 15 3 1 0

Calculations . | 5777.353 | 5251.687 | 6254.595 | 5531.704 -

y | 1952.192 | 2281.189 | 1529.122 | 2357.479 -

= | 1932.612 | 2069.630 | 1707.933 | 2096.597 -

Oy 0.010 0.007 0.007 - =

oy 0.007 0.007 0.015 = --

o 0.010 0.006 0.014 - -

Secondary. n 19 13 11 10 1
Calculations . | £777.353 | 5251.691 | 6254.587 | 5531.698 | 6345.384
y | 1952.188 | 2241.189 | 1529.128 | 2357.484 | 1872.986
= | 1932.610 | 2069.638 | 1707.947 | 2096.586 | 1836.755

o 0.006 0.009 0.009 0.007 -

o 0.006 0.005 0.007 0.007 =

o 0.005 0.003 0.006 0.005 s

Difference 2 0 -0.004 +0.008 +0.006 --

" +0.004 0 -0.006 | -0.005 -

: +0.002 | -0.008 | -0.014 | +0.011 | --
Combined 2 | 5771.353 | 5251.688 | 6254.592 | 5531.699 | 6345.384
Calculations y | 1952.190 | 2241.189 | 1529.125 | 2357.483 | 1872.986
> | 1932.611 | 2069.633 | 1707.939 | 2096.587 | 1836.755

- 0.006 0.006 0.006 0.007 s

oy 0.005 0.006 0.009 0.007 -

4 0.006 0.004 0.008 0.005 -
Table 4. Results of the caleulations for the additional triangulation

pointe added in 1969.  All values are in meters. The primary calou-
lations are weighted twice as heavily as the gecondary ones.  (x,Y,2)
are the coordinates averaged over the n triangles and (og, cy,cz) are
the corresponding etandard deviations in the mean.




*gquz0d uo130INBUDIAL oy3 SO oMy woxf 93170poay3 D YU paaaseqo juzod v fo 8a3VUIPI000 Y3 fo u0RIDLR
-nduoo ay3 ul poen aap @8y  ‘MO12q 83 Fuduodwod IPOIFABQ BYF PUD BUL] PoYSUP Y3 PAOqY 83 FUIUOAWOD
1DJUOZIIOY PY]  °BABIW UL BAD 88nIDG 1Y  °*8zuzod uU0I3DINBUDIY BY] usan)eq 8aoUDIEIP PYL ‘¢ 91qug

T e— e 2€8°65¢- 918°821 8/8°2tc- 968°G6- 699°99- ¢l-di
900°L¥6 TN e— 819°88¢€ . $56°9¢ 9/6°€91 gaL-eol li-dl
GV9°6SE . Y6601 T ~— — _— v69°19E- cl9vee- G8Y°G61- Ol-dL
Lo #SiL 002°€0€E - 086°62¢l T e— 220°LEL 602°991 6-dL
69¥°6LS Ly8°0LY §92°2v9 : 619° 65 T e— —_ £81°6¢ 8-dl
029°9901 B8LL°52S £€2e° Lvol 02v°9tE £95°vov —— — L-dl Ol
208°9v1L 8L0° LYS - EleTedll ¢St SLE ¥8L° 1LS £96°98 3 9-dlL
pSLT9VLL 912°09v1 6LL°LESL - _ 688°82¢1 L£2°S0EL 2EE°GE6 S5-dl
SbL 069 £06°90t1L 09¢°52¢ £19°£0G1 65 °6£6 Lye°siél b-dl
8GE " 9¢t9 869°8%9 ¢LS°0LS $96° 689 . 199612 £88°0Lb €-dl
seLecti £CL Ve 226°ELLL 122°26 §50°0SS vle 6l Z2-dl
L9b 2891 0L 644 0Ly SPLL . $£8°82S 0LL°6LLL 299°€EvL l-dl

= Zl-di iL-di ol-di 6-d1l g8-dl L-dl
_ s : wou4
ves°es- €E€L° 992~ 08€°02¢ L£8° 9~ 90t " 991~ seevlie- ¢l-dl
80E°LLL 660°€l clecosy - G66°25¢ b °t6 £06°¥5- Li-dL
Ove" L2~ 6¥5°GLE~ ¥95° 16 €69°6E L~ 22¢ 562~ LSl Ebb- OL-dlL
pse oSt GG8°EL- 862 °ESP Ly0°92¢ iy’ 99 LSv° 18- 6-dl -
CEEEL L(8°0GL~ 9e2"9lE 610°68 0SS°0L- 6Lv°8le- - 8-dl
| 658°91- $90°081L- 6v0° (8¢ 28768 LEL" 66~ 999° Lye- L-dl O}

— — . 602°¥9l- $06°20¢E 189°SL 288°£8- ©oL8tLee- 9-dl
L58° 126 T e— eLL L9 ., 968°6€¢ £2e°08 209°£9- S-dl
0SE° 19¢EL 14S° 1661 TN e L1e-Lée- 98.°98¢~ SLL°VES- b-di
ELL7 LSS LS6°LELL 262" 18 T oe— =1 695°6S1- 86v° L0t~ €-dl
L99°92¢ 8sL vt 1504 ] § - 2eeh 129 - e 626" LYL- ¢-dl
¢L8°€99 e riel ¥S¥° 9002 - L0198l ¥BL2LS T T — = l-dl

9-di G-dl v-di €-dl ¢-dl ; l-dl
Wwou 4 5w




81

-opoay3 D Y310 psatseqo juzod v Jo mecuzev&ooo ayy J

gauzod uorgpinbuniay ayr fo omp worf 233117
0 uoi3panduwoo ay3 ul pagn aav 289Y]

‘gpuovs8 puv

‘gaanuiiu ‘@asabap u3p sav eaniva 11V -gaurod uorgpINbupIay oy3 UIAYAq 86UIIDA] JDINBUD Y] ‘9 21qr]
2°L0 OF EGL- 9°9L 00 LLL- 8°LS 6€ ¥9l- S°0b 95 90L- v°2t S0 LEL- v°8L 85 Sli- X
6°Sl 9% 0E0- 9°¢e ¢l SL0 9°22 9¢ 810~ 9°1¢ LS £00- €°10 v1 LOO- ¢l-dl
L'ty EL 6bL ¢°8€ 90 IEL 9 vl €€ 220 9°9y GE 0¢L 0°9y €2 190 LL-dl
¥°9¢ LV ¥OL- 8'12 €5 810~ v'6C 22 SE0- 1°50 ¢l L¥O0- 9°6C LE 020~ 0l-dl
v LE €2 191 v Gy 9¢ LS1- 9°0€ LE ¥l 9°¢L S5 06l 6°¢¢ v ¥60 6-dl
v°8¢t 80 2Ll t°EL ¥¢ 6S0- 6°vS Lb 8EL ¥°9v ¥0 620- 6°95 LE 900 8-dl
L°8G SY 8LL 0°¥L 9€ 8LL- ¥ 0E 22 6Sl L°Z€ 81 G680~ L°t0 8¢ €41~ {-dl 0L
2710 60 LL1 6°2¢ 8Y Lel- £°CL LL 6GL £°0G S¢ 660- ¢'EE 9 LLL- ¥°€0 99 951 9-dl
6°8€ L0 ¥Sl- 8°L0 LL Let- 6°8S 90 v9l- o'ov Ly 2LL- €°L0 €V 6EL- €°0L 8t ¢cl- S-dl
L°6E 92 880~ €°2v 9 €450~ L°9L L& 0L0- €€t 0t 20~ 8ty LS 0S0- 6°G¢ ¢S 10~ b-di
9°90 tv L9L- b 1S Lv 2.0~ S°6v 2€ 8Sl 8°v0 1S 90~ 6°LL ¥€ 20L- G°LL LE 610~ €-dl
0°90 S¥ G9l 9°0§ v¥ ¢vl- ¥°20 LO 8Y1 0°6v ¢l 980~ ¥°LS 00 651 5°¢0 10 S60 ¢-dL
G Ll 55 091 L'Ev OL SLL 2°8v LL 6Vl 0°L0 €5 66l G°6L 80 GSL ¢'El ¢§ tEL L-dl
cl-dl Li~dlL Ot-dl 6-dl 8-dl L-dl
wou 4
8°vS 06 601~ 8°0L Ly 020 v°sy Ov LLL- 8°ve 12 thl- 8°ve v 80L- 6°€¢ €2 ¢80 X
8°85 0§ 200~ 112 85 G20 6702 €€ 160 ¥°es SL ¢L0 0°%S vl V10~ G°8v v0 610~ el-di
L"£2 Ll 2SO ¢°¢S 8Y 850 L°LL €L 9L 9°80 21 L0l ¥ 60 SL LEO 6°91 6v ¥00- Li-dl
L°9% 8y 020~ L°10 €5 S1O €'ty 82 60L S°0L [¢ 120~ 9'[S 2§ LEO- 8°LL 8% 0€0- OL-dL
L°60 vt 080 0°02 2L £90 L°92 6¢ LEL 2°55 80 €€l 0°LL Lv €60 0°'€S 90 020- 6-dl
8°9¢2 €L 200 £°2¢5 91 00 ¢°Sl 20 621 L"8v G¢ £LL0 9°20 65 0¢0- S0 1S ¥20- 8-dl
9°95 €0 €20~ L°6v 12 LSO L*vE L0 8l G2y ¢¢ 091 $°LS 85 t80- 891y L0 GV0- L[-dl Ol
L°20 Ly 290 8°LL L¥ 8hl ¢-0t 05§ 65l $°90 9v t0l- §°00 LS L¥O- 9-dl
6°L5 8L LLL- ¥°90 €5 SiL- 0°Sy ve Ii- €'l 1S vil- €°90 L0 680~ S-dl
2°8v 81 LE0- 9°€S 90 v00 L°Gb LS 8E0- ¢°8¢ 85 6€0- L°9G t¥ 9€0- b-dl
L°62 60 020~ 0°GL GE €€0 6°vL 80 Lvl 2°20 L2 L0~ 0°60 LI SEO- €-dl
G°EG €L S40 L°8€ 80 S90 812 10 Otl 8°L5 ¢t 8t 8°LL S€ 820~ 2-dl
§°65 20 ¢tL L7ES ¢S 060 £°€0 SL EPL 6°0S ¢b vl ¢'er e LSt L-dL
9-dl §-dl y-dl €-dl ¢-dl L-dL
wo. 4

SR —




system is a relative one and all measurements are confined to it, the choice

of origin and axes is an arbitrary one. Thus the first type of errors are of
no consequence to this study.

Errors in the base line result in a constant scale error over the entire
net. The base line was measured to a precision of 1 part in 105; however, it
was not corrected for tension, temperature or standardization of the tape.
These corrections are generally less than the correction for sag, which was ap-
proximately 10 mm, and so the measured length of the base line is undoubtedly
well within 100 mm of the true length. This is an error of 1 part in 103, or
0.1 %. Velocity values will be in error by this amount also; for example, a

-1 will have an error of only 0.5 mm a1, This is negli-

velocity of 500 mm d
gible compared to other errors, particularly when one considers it is only the
scale of the velocity values which is affected. Furthermore the effect is in-
dependent of both position and time.

Errors in the angle measurements are the only ones which affect the "in-
ternal” accuracy of the net, that is, the relative orientation of one TP with
respectlto the others. The error in the horizontal angies is of the order of
1" and for the vertical angles, 1.5". This corresponds to less than 10 mm at
a distance of 1 km, a typical distance in the net. The effect of all the net
adjustments is difficult to estimate but it undoubtedly decreases this error.
Hence it is probably safe to say that the triangulation points are located to
within 10 mm of their true position.

A final check on the internal accuracy of the net is obtained by observing
a fixed object from more than two triangulation points. The coordinates cal-
culated from the different triangles which can be formed should be in good
agreement with one another. Two circumstances allow this test to be made:

(a) The coordinates of TP's 8 through 12 were calculated by multiple observa-

tions from the basic net. From Table 4 it can be seen that the standard devi-
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ations of their coordinates average about 6 mm and none are greater than 10 mm
This is in excellent agreement with the estimate made above and also justifies

the procedure used in the calculations.

_(b) During the second year of surveying several movement stakes were sometimes

measured from three, and occasionally four, triangulation points. A total of
53 such situations were analyzed but 17 were eliminated because they contained
too many “weak" triangles, that is, the angle subtended by the triangulation

points at the stake (referred to as the "stake angle") was small. A1l stake

angles less than 20° were rejected. For the remaining 36 situations, each in
volving about 4 or 5 triangles, the standard deviation of the coordinates from

their mean position was calculated. The results are summarized in Table 7.

. o dy o,
Average 12 14 10
Minimum : 1 2 1
Maximum 53 58 25

Table 7. The standard deviatione in the coordinates of 36
stakes which were observed from more than two triangulation
points. ALl values are in millimeters. This gives an
estimate of the intermal consistency of the triangulation
net. '

The average error is again close to 10 mm but a somewhat larger error than the
previous estimates is to be expected since only one observation was made at
each triangulation point, rather than the 6 observations made when determining
the extended net. Furthermore, the error is of the same magnitude as that to
be expected from the movement of the stakes during the time of observationf

In summary, the internal error of the triangulation net is no more than

* A minimum speed would be about 120 mm d © and a minimm time interval be-
tween two successive triangles would be about 2 h. Thus the steke would move
about 10 mm between triangles.
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several millimeters. Like the base line, the effect of this error on velo-
cities is completely negligible, since velocities are differences of position.
The error will be approximately the same both in magnitude and direction for
two successive measurements of the position of a stake, provided the stake is
observed from the same triangulation points, and so it will more or less cancel
out when the velocity is calculated. Since this was the usual situation the
coordinates of the triangulation points are assumed to be error-free.

The grid lines, the triangulation points and the 1966 glacier surface
have been given in Figure 27. This figure is reproduced as a transparent

overiay in the rear pocket, and can be used with most maps in this study.




Chapter 5
THE THICKNESS OF THE NISQUALLY GLACIER

The determination of the ice thickness is necessary for an adequate inter-
pretation of the velocity data. Using simple models of glacier flow the sur-
face velocity can be shown to vary strongly with the ice thickness (Nye, 1951),
-and a velocity proportional to the fourth or fifth power of the ice thickness
is commonly quoted in the literature (for example, Paterson, 1964). A 10 %
variation in thickness would then produce up to a 60 % variation in surface
velocity. The high accumulation and ablation on the Nisqually could provide
a thickness change of 10 m in a depth of 100 m. To examine this loading
effect the bedrock topography is crucial.

There aré currently four methods for determining the thickness of glaciers:

Boreholes are drilled through the ice by thermal means. This
has the advantages of befng simple, direct and relatively inexpensive. It re-
quires no complex data reduction but does require some heavy equipment and a
considerable amount of work 1n the field. Only a limited number of spot mea-
surements are practical and each one is only an upper limit to the bedrock ele-
-vation, since the drill can just as easily stop at a debris layer as at the
bottom (Harrison, personal communication, 1972). Drilling in regions covered
by morainal deposits on the surface would, for this reason, be almost impossible
because the debris usually extends below the surface as well. Finally, al-
though simple and easy in theory, the technique is fraught with unforeseen
practical problems (Meier, 1960).

Radio Echo Soundﬁngi}’ This technique has only been completely successful

on "co r'“ETﬁE;”radio waves are attenuated by meltwater layers (Smith

and Evans, 1972). Since the Jower Nisqually Glacier is a very temperate gla-

cier, with large amounts of 1liquid water present, this method was not consider-
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ed feasible.

Seigmic sounding.™~ Like radio echo sounding, this requires some expensive

e

e

and elaborate equipment and considerable field work to yield relatively few
measurements. The technique is quite accurate when a well defined signal is
returned, but such returns are difficult on shallow glaciers. Crossley and
Clarke (1970) failed to obtain either seismic or radio echoes on the "Fox Gla-
cier", Yukon, Canada. They attributed this to its thinness, about 50-90 m.
The Nisqually Glacier turns out to have a similar thjckness and so it is doubt-
ful seismic sounding would work. The heavily crevassed areas of the Nisqually
Glacier would also present problems, as seismic reflections are usually impos-
sible in such areas (Meier, Kamb, Allen and Sharp, in press).

(:gg;;;;;_;;;;;;;;;QEEZE? This also requires an expensive instrument; how-

ever, it is small; 1ight and quickly read. - Thus many more measurements can be

made than with the other techniques. Readings can be made in more inaccessible
places and a greater area of the glacier can be covered in a much shorter time.
The form of the bedrock topography can be determined quite reliably, but the
scale often presents a problem, particularly if there are no independent depth
measurements. The biggest disadvantage of this method, however, is the elab-
orate and time-consuming reductions and interpretations required to transform
values of gravity into values of thickness. Moreover, the technique is not
very accurate and confidence limits of 5-10 m are typical.

TheFma] drilling equipment and a gravity meter were available to the au-
thor but seismic equipment was not. Therefore it was decided to do an exten-
sive gravity survey of the glacier and to tie the results to a few depths deter-
mined by drilling. The gravity measurements are the bulk of this work and will
be described in detaﬁl. Drilling techniques, on the other hand, are simple

and the results will be mentioned only when necessary to aid the interpretation

of the gravity field.




5.1 THE FIELD MEASUREMENTS

A Worden gravity meter (No. 358) was used for all measurements. It has
a calibration constant of 0.0922 mgaI* per small dial scale division and can
range over approximately 100 mgal before resetting. The meter measures only
relative values of gravity and consequently all readings must be referred to a
single base station (called the "main base"). The relative values can be read
to a precision of 0.1 small dial divisions, or about 0.01 mgal.

_ Gravity values measured by the meter at a fixed point will vary with time,‘
primarily because of three effects: --(a) inherent instrument drift, (b) temper-'
ature changés (despite eiaborate thermal barriers in the instrument), and (c)
tidal variations. The tidal effect is predictable and has a maximum of about
0.05 mgal h! (Nettleton, 1940). The other two effects are much less predict-
able and usually all three are combined into a single "drift correction" deter-
mined by occupying the same fixed station before and after a series of meésure-
ments and assumiﬁg that the drift was linear during the elapsed time. To help
ensure this linearity one tries to complete each loop within one quarter of the
tidal period, or about 3 hours; this requires establishing several "sub-bases",
each accurately tied to the main base.

The gravity measurements were done in May 1969. At this time of the year
practical1y all of the glacier surface is accessible, quickly and in straight-
line traverses. The thick covér of snow (about 3-5m in May 1969) raises the
point of observation above large boulders or crevasses and thus lessens their
effect.

" On May 9 the main base was established at TP-8. Four sub-bases were placed
on rock outcroppings above this point and three below, either on or near the
1840 moraing which runs along the east side of the glacier (Eigure 30). These

* The conventional unit of gravitational attraction is the milligal (mgal).
1 mgal = 10~ m s~2 = 10-5 N kg-1.
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were tied in with two Toops to the main base station, the measurements being

repeated four times. The results are normalized so the main base reads 100.0
mgal and are summarized in Table 8. The elapsed time and drift on each loop
can be found in Table 9.

Despite the fact that the gravity meter was always read until at least 3
readings were within 0.3 scale divisions of one another (about 0.03 mgal), the
data in Table 8 show thatféﬁe reproducibility of the gravity values is only
about +0.06 mgal (estimated by taking the mean of one half the absolute value
of the May 13 - June 3 différences). " This is of the same magnitude as the
often-quoted accuracy of 0.05 mgal for a Worden gravity meter (Krimmel, 1920;
Heiskanen and Vening- Me1nesz. 1960).

Only readings taken on May 13 and June 3 were used to determ1ne the grav-
ity at the sub-bases. On the initial two sets (May 9 and 10) the gravity
meter was read only once, when the author was becoming familiar with the opera-
tion of the meter. The left portion of Table 8 shows that the residuals on
May 9 were all positive and those on May 10 were all negative, whereas those
on Méy 13 and June 3 were about equally positive and negative. ‘This is con-
firmed in the right portion of the table; the May 9 - Méy 10 difference aver-
ages +0.15 mgal but that for May 13 - June 3 averages -0.01 mgal. Thus the
May 9 and May 10 readings are probably faulty and they have been discarded.

A total of 195 gravity stations on the giacier surface were laid out in
nineteen transverse profiles (Figure 30). Thé profiles averaged 140 m apart-
and the stations are spaced approximately 50 m apart on each profile. The
complex surface topography made it difficult to keep the profiles equally
spaced, straight and reasonably parallel. Ome profile (G13) has a pronounced
jog in it near the middle and three stations (numbers 31, 41 and 47) do not lie

on any profile. The profiles could not be continued onto the rock at the mar-

;({_‘. R 3t _.’:: - T.?.. < :.' i

- B
s FL L
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gins because the west side is too steep, and is exposed to rockfall and

a-li%i...I--;-----.---.....--.-.....--................._..._____.
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avalanches, and the east side can usually not be seen from two triangulation

points.

Each station must have 1ts elevation determined accurately, since changes
in elevation complietely dominate the readings of a gravity meter*. To avoid
placing a marker at each gravity station, surveying it at a later date, and
then making corrections for ablation and movement, all stations were surveyed
simultaneously With the reading of the gravity meter. This required two the-
odolites, portable radios and four to six people, but it enabled the field
measurements to be completed in only four days and it simplified the reductions
Tater on. It took approximately 5 minutes to complete the measurements at a
station and at Teast two profiles could be completed before it was necessary
to return to a sub-base. The procedure worked well and is highly recommended.

At the end of the summer, when most of the snow was gone from the ridges,
11 gravity readings were made on the terrain along the east side of the gla-
cier. These values (referred to as “terrain stations") are useful for deter-
mining the regional field. They could only be made in relatively flat areas,
where the terrain correction should be more re]iab1e, and so this drastically
limited the number of possible points**. Furthermore, no points on the west
side were made since the relatively high drift of a Worden gravity meter would
make this a difficult and time-consuming project.

Table 9 gives the elapsed time and drift corrections for all loops made
with the gravity meter. The drift rates are compatible with those obtained by
Krimmel (personal communication, 1972), who used the same instrument as the

author, and with those reported by Corbaté (1965b), who used another Worden

* Raising a gravity meter by 3 m changes the reading by about 1 mgal.

#% Thig statement is based on the experience of previous workers who used the
"Hemmer zones" for calculating terrain corrections. It is felt, however, that
the method developed here for evaluating these corrections-is considerably more
accurate and that, in retrospect, it would have been feasible to mske gravity
readings in areas of severe terrain (for example, along the margins).




gravity meter.

The coordinates of the gravity stations were calculated from the theodo-
lite measurements ﬁsing the same procedure developed for the movement stakes
(section 6.2.2). The z values refer to the glacier surface. All gravity
values were placed on a rough absolute basis by fixing the main base at
980.592588 gal*, and they were corrected for drift by assuming it to be linear

with time. Errors will be discussed later (section 5.4).

§.2 REDUCTION OF THE GRAVITY OBSERVATIONS
Before gravity observations can be interpreted one must first remove all
effects other than the one of interest, which in this case is the anomaly
caused by the presence of the glacier. This anomaly is unfortunately very
small compared to the magnitude of the other effeqts and -so0 the reduction of
the gravity observations must be done with great care. The following correc-
tions are made:
(a) Latitude correction (cg). This allows for the oblateness and rota-
tion of the earth. ,
(b) Elevation correction (ce). This allows for the variation of gravity
with distance from the earth's center.
(c) Terrain correction (ct). This allows for the departure of the sur-
rounding topography from a plane.
(d) Regional COrrectiqn (cr). This allows for horizontai trends in the
gravity field, on a scale larger than that of the disturbing body.
When these corrections are added to the measured gravity g, the values
have been effectively reduced to sea level at the equator. If the “theoretic;l
* Computed fram the International Gravity Formula using the altitude (1931 m)
and latitude (OLEC LB' 05" N) of the main bese and applying & plane Bouguer

correction with stapdard rock denmsity (2.67 Mg m=3). It ignores the effects
of the terraln and the regional field.
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gravity" G, at this point is subtracted from g, We get the "residual anom-

aly" &g of the disturbing body:

bg = g +C,+ Cu+ Cy + C. =G, (1)

5.2.1 The Regional Correction

The values of g are only relative and we consider the unknown origin
to be part of the regional correction. In addition to this C, contains the
effects of isostatic compensation and of mass anomalies Targer than the glacier.
It cannot be calculated indgpendent]y and must be inferred from the measure-
ments. For this reason consideration of the regional field is usually left to
the interpretation of the results, and the reduction of the observations.deals

only with the first three corrections:
bgp = gp ¥ G *Ce* Gy =Gy _ (2)

The result, 4g,, is called the "Bouguer anomaly"; it contains both the effect

of the glacier and the regional field and it has an arbitrary origin.

5.2.2 The Latitude Correction

The latitude correction cy is usually never evaluated explicitly. In-
stead one refers all measurements to the "reference sphéroid". This is the
mathematical equipotential surface that a transversely-isotropic, rigid rotat-

ing spheroid would have; such a surface has the form

g(r) = Z a sin2m\ (3)

m=0
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where X is the geocentric latitude (Grant and West, 1965, p. 236). By fit-
ting this with least-squares to world-wide pendulum measurements of gravity,
reduced to sea level, we get* the "International Gravity Formula" for the re-

ference spheroid (Heiskanen and Vening-Meinesz, 1960):

g,(A\) = € -c, = 9780k9.0[1 + 5.288k sin®A - 0.0059 sin?2A] (4)

Higher order terms are insignificant. Equation 2 then becomes

by = g+ C,*+C =g, (A) : (5)

1

At middle latitudes this correction is about 0.812 mgal km ' in a north-south

direction. .

5.2.3 The Elevation Correction

The elevation correction traditionally has been separated into two parts,
the "free-air" correction and the "Bouguer" correction. The free-air correc-
tion expresses the effect of moving the gravity'meter toward or away from the
earth's center. The vertical gradient of the earth's gravity field is given

by (Grant and West, 1965; Garland, 1965):
g%- = - 0.3086 - 0.00295 cos 2) + 0.73 x 1077 z (6)

[Grant and West have a typographical error in the first term (equation 9-5, p.

239) and Garland has a mistake in the third term (equation 4.3, P- 46). The

two sources do not agree 6n the second term gither but Grant and West's value

More recent satellite information has re-

. L]
Based on data available in 19230 reference spheroid.

vised this somewhat but it is convention to take this as the :
The error is completely megliglible for small scale gravity Surveys.
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has been used since any error has negligible effect at the latitude of the
Nisqually Glacier (cos 21 = 0)].

The Bouguer correction allows for the fact that the space between the ob-
~servation point and sea level is rock and not air. The terrain is assumed to
be flat and the density of the rock P, to be constant; the correction is

then the attraction of a parallel-sided infinite sheet of thickness s,
g, = 2mo_3 (7)

where vy 1s the gravitational constant. This opposes the free-air correction

and so the total elevation correction is

=‘..Ei— :
Ce z 5 2ﬂyprz (8)

Substituting numerical values we get

€, = (0.3086 + 0.00295 cos 2} - 0.73x10" 7 z - 0.04186 p.) 2 (9)

For a standard rock density (2.67 Mg m"3) this is approximately 0.2 mgal ml.

*
Hence the need for accurate elevations .

5.2.4 The Terrain Correction

So far the corrections have been simple and can be accurately calculated to
well within the experimental error. However, the fact that the terrain

% JTdeally the elevation should be measured fram the reference spheroid. How-
ever, all maps and surveyed elevations are with respect to the geold, the
equipotential surface that coincides with mean sea level (undisturbed by winds
or tides). This deviates from the reference spheroid because 9: the mass
ancmalies of the earth's crust. The maximum departure is .about 50 m but the
effect is negligible on small scale gravity measurements (Grant and West, 1965,

p. 266). :
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surrounding the station 1s not a plane means that the Bouguer correction is not
rigorous and an additional correction has to be applied to account for the de-

parture from this plane. The gravitational attraction of the material above

‘the plane and of the miseing material below the plane makes up the "terrain

correction”. Its value is always positive for local surveys (that is, it is
added to the measured gravity) because the hills represent the addition of an
upward component of attraction whereas the valleys represent the removal of a
downward component of attractiqn. Evaluation of this effect is difficult and
very tedious but it is essential in areas where the relief is greater than 1 in
20 (about 3°).

Terrain corrections have usually been estimated by graticule methods, such
as those of Hammer-(1939). The terrain is divided into a series of concentric
rings about the station and each ring is divided radially into a number of com-
partments. The meah elevation of each compartment must be estimated manually.
The number of compartments is kept small in order to reduce the time required;
consequently the model of the terrain (portions of cylinder walls with flat
tops) is rather crude. It is adequate in areas of moderate relief but in areas
of high relief the zones are often subdivided in an attempt to make them more
realistic (Corbato, 1963).

The Nisqually Glacier is located on the side of a very prominent volcano.
Above it rises a huge mass of rock and ice and below it stretches much empty
space. The valley walls are often very close and very steep. The terrain
corrections are thus likely to vary over one of the widest ranges ever encoun-
tered in a gravity survey. Furthermore, the shallow depth of the glacier will
produce relatively small anomalies and so the terrain corrections become all
that more crucial. An accurate representation of the terrain would be very
desirable. Talwani and Ewing (1960) suggested a suitable method, but to the

author's knowledge it has not yet been applied to terrain corrections.
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In view of the high accuracy required it was decided to develop the method

for such a use. It has the additional benefit that, in future, gravity ter-
rain corrections can be done more accurately, more quickly and far less pain-

fully than has been possible in the past. A description of the method and the

'results is now given.

5.2.5 The Talwani and Ewing Method

Talwani and Ewing's method (1960) computes the gravitational attraction of
a three dimensional body of arbitrary shape. Basically it is an extension of
Hubbert's (1948} line-integral method to modern digital computers. The body
is divided up into a number of “laminae", the attraction of each lamina is com-
puted, and the results then integrated over all laminae. The Taminae are made

horizontal so that their boundaries can be represented by ordinary elevation

contours.

Y Arbitrary body of density p,
and volume R

A

Area S

Horizontal lamine
of thickness dz

Origin fixed ot . s D d "
gravity meter " " m = py dxdy dz

\ [ 4 —

Pigure 31. The ecdlculation of the. gravitational attraction of an arbitrary
three dimensional body by the method of Talwani and Ewing (1960).
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The gravitational attraction, at the origin, of the body R (Figure 31)
is given by
g = L = (242 (10)
R
where U f{s the gravitational potential of the body. The coordinate system
js assumed fixed at the gravity meter for this discussion. The "gravitational
attraction® is always understood to be just the vertical component of the total

gravitational attraction, since this is all that can be measured with a gravity

meter. Differentiating (10),

g = Yprfzr(rz + 32)"%2 drdyds ' ()
R
or .
g = [via) &z : (12)
where .
va) = o [[arle? + 22)73/% drdy u ol (13)
. : S : .

is the gravitational attraction per unit thickness of the lamina of area S
and infinitesimal thickness dz. By writing Green's theorem in cylindrical
coordinates, this surface integral can be converted to a line integral around

the boundary of the lamina:
RO SERFEEEORC T (14)

Evaluation of equations 12 and 14 are the basis of this method.
To calculate this line integral the boundary of the lamina is replaced
with an n-sided po1ygon: " Talwani and Ewing show how the line integral can be

written as the sum of a series of terms involying the coordinates of the
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vertices of the polygon. The calculations require the use of a high-speed

digital computer.

5.2.6 Digitising of the Terrain

From a practical point of view the only significant preparation required
is the "digitizing" of the topographic contour lines. Each contour line must
be expressed as an array of (x,y) points, each point being a place where the
contour changes direction significantly. Machines are now available to facilju
tate this process. In this case the University of Nashingtop Computer Center's
Benson-Lehner Digitzer was used. A cursor is moved manually along a contour
line and the (x,y) coordinates are recorded digitally on magnetic tapeigither
automatically at a fixed grid spacing or manually whenever a footpedal is pres-
sed. The latter mode was used in order to keep the number of points to a min-
imum and still get an accurate representation of the contour. The resofution
of the digitizer is 0.0254 mm (0.001 inch).

The terrain around the Nisqually Glacier was divided into five zones, with
either rectangular or irregular boundaries (Figure 32). Unlike the Hémmer
zones these remain fixed and do not change from one gravity station to the next.
Consequently the digitized terrain is slightly less accurate for stations near
the boundaries of a zone; however, the size of the zones and the Eontour inter-
val used were chosen so that this effect is completely negligible. Zone 1 con=-
sists of the entire lower Nisqually Glacier and thus contains all the glacier
stations. The outer boundary of zone 2 was drawn about 1 km away from the
nearest glacier stations*, and the remaining zones were drawn successively lar-

ger. All available contours were digitized in zones 1 and 2 but only certain

contour levels were digitized in zones 3, 4 and &. The outermost zone extends
the fact thet this was the

on the 1956 map (1:12000).
poorer 1910-13 map (1:62500).

* The figure of 1 km was determined mainly by
greatest distance which could be contained enti;'ely
Any grester distance would have meant using the mch
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Figure 32. The location and dimensions of the five zones used in
caleulating the terrain corrections. The contour interval is
2000 feet (609.601 m). Zome 1 is the lower Nisqually Glacter.
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at least 10 km from the glacier, the same distance used for gravity surveys on _

other glaciers (Danes, personal communication, 1969; Corbatd, 1965b). Adding

more zones is not justified as the contribution is indistinguishable from the

. regional field.

The terrain in the immediate vicinity of a station dominates the correc-
tion. To minimize errors the density of points was increased whén digitizing

in the area around a gravity station, so that within approximately 200 m of any

~ station the terrain is represented as accurately as the original map permits.

In addition the elevation of each station was adjusted so that it lies as close
as possible to the surface formed by the digitized contours Qsee p. 121},
‘Various characteristics of the zones are tabulated in Table 10. The digi-
tized terrain is shown in Figures 33 and 34; these have been computer-drawn on
a Calcomp p1otte€ with the actual data used in the reductions. This illus-
trates a side benefit of this technique: one ends up with a digitized map of
the topography, which can be used for other purposes (such as producing a map

to any desired scale).

Zone

] 2 3 4 5
Contour interval digitized... ifeet) 20 40 200 500 1000
Highest contour digitized....({feet) 7600 9200 13200 14000 12000

Lowest contour digitized.....(feet) 4800 4400 3600 3000 2000

Maximum elevation....ccceceee s m} 2365 2925 4142 4392 3749
Minimum elevation..... R Sacaexeasserile m 1416 1229 969 780 530
Width of zone.....c.ceus vecsens .. (m) -= 21000 2000 3000 4000
BZ ecscvens sacesccees U € 1-1-14 200 400 600 0 0
Azg....... ......... ceeceeenes feet 20 80 200 0 0
§evecans veeene TS ToTeTSIsToNe vesena .(feet 100 640 2000 0 0
Execution time..cceveeasenseess ..(s 1350 1460 450 480 240
Approx. time for digitizing.....(h 2 4 3 2 ]

Average terrain correction...{mgal .47 5.04 5.31 3.81 0.98
Standard deviation of above..(mgal) 0.82 1.06 0.54 0.24

1
0.47

Minimum terrajn correction... mga1} 0.67 3.77 4.02 3.13 0.61

Maximum terrain correction...(mgal 2.88 7.20 7.75 4.97 1.%2

Table 10. Detaile of the terrain zomes and the calculations of the terrain
corrections for the 195 glacier stations. Az , Az, and § are explained
on p. 120.
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nl

The digitized contours of zones 1 and 2. The contour

intervals are 20 feet (6.096 m) and 40 feet (12.192 m) respectively.

gure 33.
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Figure 34.

respectively.
are also showm for reference.

The digitized contours of zones 3, 4 and 5.
vale are 200 feet (60.960 m), 500 feet (152.400 m) and 1000 feet (304.800 m)
Zone 1 fthe lower Nisqually Glacier) and the Nisqually River

The contour inter—



bt )
:-"}f‘&ﬂ{s?—,‘fn‘jj.“ o ey

a2

105

5.2.7 The Reduction Program
An elaborate computer program was written to perform all gravity reduc-

tions, from the measured gravity to Bouguer anomalies. Besides the measured

_gravity values, input to the program consists of the station coordinates, the

digitized terrain data, the rock density P and various quantities necessary

to define the glacier coordinate system and the digitized map coordinate system

. relative to one another and to the surface of the earth. A number of para-

meters control the execution of the program and the units and contour intervals
used. The program has been written in a general, “black-box" manner so that
it can be used by other people.

Only a few simple rules must be followed when digitizing the terrain; the

program combines contour segments with the appropriate zone boundaries to form

the necessary closed laminae, enclosing terrain above the station and empty

space below. The line integral of equation 14 is calculated for each loop on

-each contour level and then the results are integrated over =z (equation 12)

to give the terrain correction for that zone. The total terrain correction is
obtained by summing the results for each zone. The etevation correction is
evaluated ugfng equation 9, the latitude correction using equation 4 and the
Bouguer anomaly using equation 5. All calculations are repeated for each grav-
ity station.

A11 programming in this study (other than the basic net adjustments) was
done by the author in FORTRAN IV (CDC version 2.3) and all executions were
done on the University of Washington's CDC 6400 computer. This is a high speed
scientific digital computer with remote terminal facilities. The word size is

60 bits, approximately 14 significant figures for real numbers, and so round-

off error was never encountered.




106

5.2.8 The Rock Density _

The density of the bedrock and its variations are-usua11y the big unknowns
in any gravity survey of a glacier. The lava flows which make up the bulk of
hount Rainier are composed of pyroxene andesite of uniform composition (Fiske,
Hopson and Waters, 1963). Two bulk density samples, three cores each, were
made by Christensen (personq] communication, 1971) of representative andesite

rock near Paradise. The average density found was 2.604 : 0.007 Mg m'a.

3, and so

Christensen does not expect this value to vary more than 0.1 Mg m™
the value 2.6 * 0.1 Mg m'3 will be assumed for this investigation. No rock
samples were collected from around the glacier because it is very doubtful they
would be any more characteristic of the underlying bedrock.

The range of densities found around glaciers not on the flanks of volca-
noes could well be greater. For example, Corbatd -(1965b) reports a range of
0.1 Mg m3 for the Blue Glacier (low grade metamorphic rocks) and Crossiey and
Clarke (1970) report a range of 0.3 Mg m3 for the "Fox Glacier" (predominant-
1y basalt and andesite).

The extent of the andesite is shown in Figure 20. It covers all of the
terrain surrounding the Nisqually Glacier, except in the valley below the ter-
minus. Here the underlying Tatoosh pluton is exposed. This was formed be-
tween the early Miocene and late Pliocene, before the volcanic eruptions of the
Pleistocene which built the volcano of Mount Rainier. It is composed of grano-
diorite and quartz monzonite. Although these have densities close to that of
andesite (Coombs, personal communication, 1972), the more complex geology near
the terminus of the glacier does suggest that the regional field may have more
pronounced variations he}e than over the remainder of the glacier.

There is some confusion in the literature as to the correct method of
calculating terrain correc;iqns iﬁ a rggion containing both ice and rock.

Since we desire the residual aromalies to be due onzy to the effect of the

IIIllIl!llllllllIll||||llllllll-ll|||l--l-........-.............................................__
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disturbing body (the glacier), we should correct for everything else except
the disturbing body as realistically as possible. Terrain which is not part
of the disturbing body would, in general, have two possible densities, that of
rock and that of ice (where other glaciers exist). Terrain which {s part of
the disturbing body, on the other hand, should be treated as though it were
rock. The resulting anomalies would then be a manifestation of the fact that
the disturbing body is actually ice and not rock.

Kanasewich (1963) used a different density depending on whether the sector
was ice or rock, ineluding those sectors within the disturbing body. When

later modelling the glacier only the ice below a station was considered, the

rest presumably having "been accounted for by the terrain correction" (p. 622).

This procedure would be reasonably valid provided (a) the glacier has a large
enough thickness and a small enough siope that the -part of it above the station
is ice throughout and remains essentially unchanged during the modelling, and
(b) any ice-covered terrain outside the glacier is treated as ice only down to
a certain depth (which must be assumed somehow). If the terrain is treated as
ice all the way from the surface to the.horizontal plane through the station
then the error might be appreciable when the surface is high enough above the
station.

For the terrain below the station this procedure is not valid, however,
since here the terrain correction applies to the empty spaces. These must be
treated as rock because they were originally assumed to be such in the Bouguer

part of the elevation correction.

Kanasewich (1963, p. 618) states only that "care had to be taken to dis-
tinguish between the sectors containing ice ... and sectors containing rock..."
Thus it is not clear if the above restrictions were followed.

On the other hand, Crossley and Clarke (1970), who follow a similar pro-

cedure, do treat the terrain below the station correctly. The terrain above
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the station, including that within the glacier, is considered to be either
rock or ice of 50 m thickness. If this figure is valid this procedure gfves
the proper terrain correction provided the modelling is restricted to the re-
gion below the station. They do not appearhto have done this and so the {ce
.above the station is effectively accounted for twice.

In this study terrain corrections are done using the density of the rock
(2.60 Mg m'3) everywhere. Thus a small error is introduced because some of
the terrain outside the disturbing body is actually ice and not rock. How-
ever, because the glaciers on Mount Rainier are steep and thin the effect is
probably insignificant and, at any rate, is undoubtedly indistinguishable from
the regional trends. Furthermore, to allow for it one would have to guess at
the ice thickness and the computer program would become unjustifiably compli-

cated. This is the same technique used by Corbaté (1965b) on the Blue Glacier.

5.2.9 Numerical Evaluation of the Line Integral
For the numerical evaluation of equation 14, Talwani .and Ewing's expres-

sions were rep1aced‘w1th‘those of Corbato (1965b):

) n
V(z) = -(sign s)ypr z tan ! f:i; (15)
i=1 Q
where, using Corbatd's notation,
P, = T,A +53B, A = Iz,lsiw:.&(:j"1 + chn)
- - - - 2C,.C
Q = IB -S4 By SiDiDJ 2°041%13 |
Ry = 2{+¥] €44 17 ' (16)
= - D - R + 22 172
s, 2y, - &, A (B, )
T = 2T, +Y, J = i+1

i 15 * Y4Y,




Rather than evaluating = arctangents, the summation in equation 15 is com-

puted by repeated use of the trigonometric formula:

tan'l(i> + ta.n':l(_ri) = ta.n'l(PaQ'b * pra.) (17)
Qa Qb Qagb - Pa?%

The principal values of arctangent (which are calculated by the computer) are

between -x and +n. However, the summation

25 tan’l(z£> | (18)
i=1 ey

must 1ie between 0 and #2w, since #2myp, would be the anomaly per unit
thickness of an infinite sheet*. Thus the summation represented by (18), as
calculated by repeated use of (17), must either have (a) 2r subtracted from it
if it is positive and the integration is in the mathematically negative sense
(the vertices numbered clockwise when viewed from above), or (b) 2n added to
it if it is negative and the integration is in the negative sense.

Because only one arctangent is calculated per loop when equation 17 is used
the machine time required is cut in half (to about 0.7 milliseconds per vertex).
The procedure was tested by calculating the attraction of a sphere of radius
100 m at a point 300 m above and 300 m to the side. When the sphere was repre-
sented with a contour interval of 2 m, with points spaced every 3°, the error
was 0.00013 mgal, and when it was represented with 10 m contours, with 15 points
each, the error was 0.0032 mgal. The error decreased as the observation point
was moved further away. For this test case, the error is cumulative since all
polygons were 1n;cribed in the sphere. For actual terrain the polygons are
both inside and outside the real contours and so the error should be less.

* We are indicating signs in this discussion because we are dealing with the
general case 0f the attraction of & lamina which is either ghove or below the -

" station. For terraln corrections, however, we alvaye take the sbsolute value.
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5.2.10 Numerieal Integration of V(s)

The numerical evaluation of equation 12 is not always a simple matter as a
discontinuity in V(z) can occur when 2z =0, the elevation of the station.
Many problems were encountered until it was realized that treatment of this
discontinuity is not correct in the literature. For this reason a more de-
tailed discussion is given.

Ignoring the factor of vyp,. we can write ¥v(z) as the sum of two dimen-

sionless 1ine integrals:

n - fa (19)

I, = - f a(r? + 52)72 &y (20)

The first integral is simply the net cylindrical angle ¢ swept out in one
circuit around the lamina, and therefore it can have the following values:

(a) I, =0 if the Z axis 1ies outside the lamina, or (b) I,=2n if the

7 axis lies inside the lamina, or (c) I, the angle subtended by the lamina
if the 7 axis 1ies on the boundary [for a smooth boundary (no discontinuities
in its curvature) this angle would be =, but for a polygonal boundary (as used
in the calculations) it could also have some other value, between 0 and 2m,
if the Z axis coincided with a verfex of the polygon].

If a station is not enclosed by any 1amina*, then I, is always identj-
cally zero. Furthermore, the coordinate » will always be non-zero and so
12 is a]waysrdefined, and, in particular, 12 =0 at z =0. The curve ¥(z)
is thus continuous everywhere, as shown in Figure 35. It does not approach
the Z-axis asymptotically, but instead becomes zero at the highest and lowest

# Tt is mssumed that the zone boundaries sre slways drawn so that the stations
are either inside or outside the zone, thet is, stations never lie on & zone

boundary.
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Figure 35. The form of V(z) for (a) the gravitational atiraction of
a body and, (b) the terrain correction of a body.

points of the body.

If instead of calculating the gravitational attraction of the body, we are
calculating the terrain correction, two changes occur when =z < 0. First, the
sign of v 1is changed since the terrain correction must always be positive..
Second, the integration is performed around the empty spaces instead of the
body. We then get a curve such as the dashed 1line in Figure 35. As before,

it passes through the origin, but there js now a discontinuity in slope at this

point.

The real difficulties arise, however, when the station is enclosed by some
of the laminac, for example, when doing the terrain corrections for zone 1.
Now (a) the integral I, can undergo a jump of 2r when the station changes
from outside to inside a lamina, and (b) both »r and z can become zero if

the boundary of a lamina passes. through the station.

To {1lustrate what happens in this situation consider moving a lamina at
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constant = past a station at the origin (1ine (a) of Figure 36). This is
equivalent, apart from a possible sign change, to moving the gravity meter
parallel to a fixed lamina (Figure 37). The results of actual computations
for the lamina shown are given in Figures 38 and 39, where (x,z) are the coor-
dinates of the gravity meter along line (a). I, undergoes a discontinuity
of 2r at =z =0 (Figure 38). This is offest by an equal but opposite dis-
continuity in I, at the same place (Figure 39). Thus, as long as =z # 0,
v(z) 1is continuous everywhere.

However, when 3z = r = 0, the integral I, ig undefined. From Figure 39
we see that V(s) becomes a discontinuous function as =z - 0. Since the dis-
continuity is 2r it must arise solely from the 2r discontinuity in Il,
and thus I, can be taken as zero at this point.

Now consider the situation shown by line (b) in Figure 36. Here the
leading edge of the lamina follows a path of slope a, passing through the point

z=gz=0. Since gravity stations are by necessity located on the glacier sur-

- face, there will always, at least in principle, be some lamina whose boundary

passes exaét]y through the station. Hence this is the situation encountered
in practice. -

By the above reasoning, at z =0, I, =0 and ¥(z) = yo I, = #yp_w for
a smooth boundary. However, nothing in the above reasoning implies that V(z)
approachee this value at z = 0. This 1s clearly shown in the actual computa--
tions shown in Figure 40 for line (b) of Figure 36. Because z now changes

sign as the leading edge passes the station, the discontinuities in I, and I,

| add together instead of cancelling. However, since I, =0 at this point, we

end up simply with a 2r discontinuity from I,.

The calculations were done for various slope angles a. The discontinu-

resent but there is ab501ute1y no indication of Il + Ié

scale shown in Figure 41. A different

ity of 2n {is always p

approaching +m, even with the expanded
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Figure 37. The hypothetical situation used for illusirating the discontinu-
ity in V(z): the gravity meter moved past a fized lamina. (a) in the
horizontal plane. (b) at an angle o to the horizontal, pasging through
the edge of the lamina.
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Pigure 36. The hypothetical eituation used for illustrating the discontinu-

ity in V(z): a lamina moved past the gravity meter fized at.the origin. .
(a) in the horizontal plane. (b) at an angle o to the horizontal, passing
through the edge of the lamina.
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value is approached depending on the slope angle a.

Another verification of this is seen by taking the limiting case of o + 0.
This is identical with the limiting case of 2z » 0 shown in Figure 39. The
value of zero is approached by laminae not enclosing the station and 2n by
Taminae enclosing the station.

The true V(z) curve would therefore show a Typ W spike exactly at
the point = = 0, However, since it is of finite height but zero
width, its contribution to the total integral is zero. Consequently we neg-
lect it on any of the curves.

Corbato (1965b, p. 646) claims the integral approaches Typ T and Kanase-
wich (1963, p. 618, p. 622) has it approaching t2yp_w. Both bf these are in-
correct. The values at the station elevation should be obtained by evaluating
the line integral for laminae infinitesimally close to the station, but not at
the station. In practice we do not have such laminae, as they would have to
be drawn and digitized for each station. Instead it is easier to extrapolate
the two halves of the curve up to the station elevation. "The only limitation
is that the two values must differ by 2n. This is shown in Figure 42, along
with the error caused by Corbatd's assumption. This error is usually signifi-
cant, at times being as high as 1 mgal.

This figure also illustrates another problem. As the laminae approach
the station elevation, variations in ¥(z) become more pronounced and the
points in this region can show considerable "scatter” or "noise". This is real
and 1s simply due to the peculiarities of the individual laminae. The pfoblem
arises when one attempts to extrapolate these points to the station elevation.
In order not to introduce misleading values of V" and V- (Figure 42), the
values of v at the adjacént laminae are used, with an adjustment so that

V-7 = om If g* and z~ are the elevations of the laminae immediately

above and below the station respectively, then the adjustment is
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o= V(z+) - V(z") -2 | (21)

This is weighted according to the distance from the lamina to the station and

applied as follows:

+ ’
Vo= 7&Y) - s(-;-i—:) (22)
2 =2
V- o= V(z7) - E:(-;—zi:—':) (23)
< =3

These equations apply only when calculating the gravitational attraction
of the body. They do not apply to terrain corrections since below the sta-
tion the laminae encl?se the empty space and hence, 1ike the laminae above the
station, they never enclose the station. Thus for terrain corrections, I1
is alwaye identically zero. A discontinuity still occurs at the station ele-
vation; however, we can not put any restrictions on it. " In practice, the
discontinuity is seldom very large and no significant error is introduced by
setting ¥(z=0) to a single value found by interpolating between ¥(z") and
viz).

These discontinuities which occur at z = 0 1imit the numerical integra-
tion scheme which can be used. Immediately above and below the staion only
the trapezoid rule should be used, as fitting of a polynomial of degree greater
than one in this region could easily have disastrous results. Similarly, if
there is significant "noise" in the points the trapezoid rule is the safest.

On the other hand, if the points lie on a reasonably smoath curve the Lagran-
gian rule can be used for a more accurate integration. The reduction program

has the option of using the trapezoid rule throughout, the Lagrangian rule

throughout, or a combination of the two. The worst "noise" occurs with the
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Pigure 42, The method for handling the diescontinuity in V(z) at the sta-

tion elevation. The shaded area represents the error caused by assuming
the two halves of the curve approach +mypp. This 16 used when calculating
the gravitational attraction of a body with Talwani and Ewing'e method;. for
terrain corrections a simple interpolation between V(z*) and V(z~) is
used instead.
terrain in the immediate vicinity of the station (Figure 42). Thus the trape-
z0id rule only was used for the glacier stations, zone 1, and for the terrain
stations, zone 2. Otherwise, the Lagrangian rule was used up to the contours
immediately above and below the station, and the trapezoid rule in between.
Since values of ¥(z) change most markedly when z approaches the station
elevatfon, the program was written so that v(z) could be calculated for two

different increments in s: a close spacing Az near the station and a wider

spacing az. away from the station. The half width & of the closely spaced

1
region was also made a variable and was chosen so that it always encompassed the

maxima in y(z) on either side of the statfon. elevation. In this way compu-

tation time was kept to a minimum without sacrificing accuracy in the




integration. Values of bz , Azl and & for each zone were included in

Table 10.

One final problem must be mentioned. The coordinates of the gravity
stations are obtafned from survey measurements, whereas the coordinates of the
vertices of the polygons representing the contour lines are obtained by digi-
tizing a map. The two systems can never be aligned perfectly and consequently
it occasionally happens that a contour line lies on the wrong side of the gra-
vity station. For example, a contour lying just above a station could actual-
1y enclose the station by accident. This would add 2wyp to Vv and thus
produce a point which 1ies far from the proper curve. This problem was very
frequent for the Nisqually Glacier since the elevations of the glacier stations
as determined from the map were up to 12 m different from those determined by
surveying (Figure 43). The differences are real and represent (a) dynamic
changes in the glacier surface in the three years between the map survey and
the gravity survey, and (b) variations in the winter snow depth (the gravity
survey was done near the beginning of the ablation season, whereas the map was
made near the end). To correct for this new elevations for each station were
estimated from a plot of the digitized terrain. These were used only for the
terrain corrections, the surveyed elevations being used for the elevation cor-
rections. A small, but probably insignificant error is thus introduced.

Even this procedure, however, is not perfect and occasionally the above
situation would occur. Consequently it was necessary to reject contours within
a certain (vertical) distance of the gravity station. This distance turned out
to be about 0.6 m (2 feet) in practice.

Figure 44 shows the ¥(z) curves for all five zones for a gravity station

near the center of the glacier. The total terrain correction for the station

is the total area under all five curves. The discontinuity which occurs at the

station elevation on the zone 1 curve is apparent, but the error caused by
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interpolating between v(z*) and ¥(27) is clearly neg1igib1ef

5.2.11 Results of the Gravity Reductions: the Bouguer Anomalies

Figures 45 through 48 show the distribution of the terrain correction for
each of the five zones. These were computer-contoured using a procedure de-
veloped for analysis of the thickness variations (chapter 7). The agreement
with hand-contouring is less than 0.1 mgal. As expected, the distribution
becomes smoother as the zones get larger and further away. The corrections
for the final zone (number 5) are almost linear with =z and reflect the pre-
dominantly north-south trend of the topography. Other features of the terrain
correction calculations were given in Table 10.

Figure 49 gives the total terrain corrections and Figure 50 the resulting
Bouguer anomalies. The total terrain correction ranges from 10.1 to 22.1 mgal,
the highest values and greatest range of values yet obtained on a glacier.

The Bouguer anomalies, on the other hand, have a maximum range of only 7.27
mgal, which corresponds to an infinite slab thickness of about 100 m (for a den-
sity contrast of 1.7 Mg m°3). This is one of the thinest glaciers that gravity
measurements have been done on. Thus we have ample justification for doing

detailed and accurate terrain corrections.

®# Sipnce the trapezoid rule was always used in the region around the station
elevation it is not actually necessary to interpolate a value, since the trape-
zoid rule autometically does this. However, we have indicated the interpola-~
tion to emphasize the fact that the curve is not continuous at this point.
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5.3 INTERPRETATION OF THE BOUGUER ANOMALIES

The interpretation of the gravity anomalies, that is, finding the dimen-
sions of the disturbing body, is a problem in potential theory and in general
no unique solution exists. However, in the special case where the disturbing
mass has a uniform density and at least one point on the boundary of the body
is known, ft can be shown that a unique solution does exist (Roy, 1962). A
glacier is such a case but unfortunately analytic expressions for the solution
do not exist. Instead an interative procedure is usually used (Corbato,
1965b). An initial approximation for the shape of the disturbing body is as-
sumed and the resulting gravity anomalies and the residuals are used to adjust
the initial model. The procedure is then repeated until the residuals are
within the experimental error.

The first part of this procedure, calculating the gravity anomalies of the
body, is basically similar to calculating terrain corrections. As a re;g]t
many different methods have been used: graticules, dot-charts, tables, mech-
anical integrators and digital computers. Ideally the body is allowed to be
three dimensional but very often it is assumed to be two dimensional for sim-
p11c1ty.‘

The second part of the procedure, adjusting the model, is usually made on
a trial and error basis, with the residual being converted into a depth change
by using the expression for an infinite slab (equation 7). This usually under-
estimates the correction needed. Convergence is thus probable, but slow. To

speed up the convergence Corbatd (1965a) has devised a least squares procedure

as follows.

" Consider » gravity statifons and m depth unknowns. If g5 and G,

are the measured and calculated gravity anomalies respectively, at station 1,

then the sum of the squares of th residuals is
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n
s = D (G -g,) | (24)
i=1

Let &J be the depth unknowns and AEJ be the desired adjustments to the

depths. To a first approximation we can write

m
6, = G(1)+ Z Asj(_ﬁ)'f (25)

3
J=1 3 4

where G, (1) {s the first approximation to &, and the partial derivatives

are understood to be evaluated at the first approximation. We desire to re-

dice s to a minimum; hence we set

28
= 0 (26)
aAak

Substituting (25) and (24) into (26) and rearranging terms we get m equations

in the m unknowns AEJ:

m - n .
Z Ag Z -afl fl . Z .a.%'_)(gi n Gi(l)) ) (27)
J= d = %, agj 1=1\3E, .

These equations are solved for AEJ. the model is adjusted, and the process is

repeated. Usually only one or two iterations are necessary to give satisfac-

tory results. The Gi(l) come from the first part of the interpretation pro-
cedure, and the partial derivatives can be obtained approximately by changing
the initial approximation by a small amount and then recalculating Gi(l).
Regardless of whether or not this least-squares method is used, the crux
of the procedure is being able to calculate the gravity anomalies Gi(l) of the
body, given only a limited number of depth unknowns EJ. The surface of the
disturbing body has to be interpolated between these points. For a three-

dimensional body, with arbitrarily spaced points, this js a very difficult
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procedure. One must either settle for a very crude model, such as triangular
prisms, rectangular prisms or vertical plates, or else the points have to be
hand-contoured and then the method of Talwani and Ewing (1960) used.

A two dimensional body, on the other hand, is much easier, since it can be

approximated by an n-sided polygon, for which the gravity anomalies G, and

the partial derivatives 3Gi/BEJ can be evaluated (Talwani, Worzel and Landis-
man, 1959). The above least-squares procedure of Corbatd (1965a) can then be
applied.

The complex surface topography of the Nisqually Glacier suggests that three
dimensional modelling of the gravity field will be necessary. Furthermore, if
the glacier is relatively thin this modelling will have to be as realistic as
possible. Talwani and Ewing's method is the best available and so it was de-
cided to use it, despite the necessity of hand-drawing the bedrock contours at
each {teration. For a first approximation to the bedrock the two dimensional
least-squares technique mentioned above will be used. This is the procedure
used by Corbatd (1965b) on the Blue Glacier .

As input to the modelling the residual anomalies should be used. This

" requires that the regional field be removed from the Bouguer anomalies. The

best way of determining the regional field is to measure gravity at distances
far enough away from the glacier that the effect of the glacier is insignifi-
cant. However, the limited number of stations on the surrounding terrain made
the determination of the regional field over the Nisqually Glacier a difficult

task. How this problem was treated will be discussed as the modelling pro-

gresses.

#  Again, 1t is emphasized that ideally the contours would be calculated by
the computer from the set of depth values. However, when the points are arbi-
trarily and sparsely spaced, &s on & glacier survey, it is extremely difficult,
if not impossible, to develop a procedure which 1s both realistic and foolproof.
Hand-contouring has the distinct advantage of allowing one to edd intuitive or
supplementery information about the bedrock contours.
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One additional piece of data is required: the density of the glacier
ice. This was not measured but will be assumed to be 0.9 Mg m3 (Seligman,
1950). This is the same value used on practically all other gravity surveys
of glaciers and is also the value commonly used for glacier flow studies. The
density contrast Ap 1{s thus 1.7 Mg m'3. which corresponds to an infinite slab
of ice 14 m thick.

5.3.1 Two dimensional Modelling

Nineteen transverse gravity profiles were made on the Nisqually Glacier.
Each one can be considered independently and the glacier modelled two dimension-
ally at 19 separate locations. The glacier is considered to extend horizon-
tally to infinity and to have a polygonal cross section. This polygon is
defined by the following points (Figure 51): (a) the = gravity stations
along the surface, (b) the m depth unknowns along the bedrock, and (c) two
end points at the margins of the glacier.

The positions of the gravity stations are taken from the surveying mea-
surements*. the end points are taken from the 1966 map and the depth unknowns
are specified initially by assuming a parabolic shape anﬁ guessing at the cen-
tral depth. An attempt was made to estima}e the central depth by comparing
the mean relative difference between the Bouguer anomaly at the center and at
the margins with that caused by a two-dimensional parabo1ic'giacier with a ver-
tical symmetry axis and horizontal upper surface (Corbato, 1964), but the Nis-
qually Glacfer is so non-parabolic that the results were meaningless. When
the‘va1ues obtained were used for initial approximations to the least-squares
procedure, the solution was immediately unstable in many cases. Experience

showed that simply guessing at the central depth was a far more "accurate"

* The mctual surveyed elevations were used rather than the elevations deter-
mined from the 1966 map.
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Figure &61. The two dimensional model of the glacier used with the least-

squares procedure of Corbato (1965a). The polygonal crose section is made
up of the n gravity stations (solid circleg), the m depth wnknowns (half
open circles) and the two end points (solid squarea) . .

(and less tedious) technique.

We wish to apply Corbat6's least-squares procedure (equations 27) to this
model. One convenient feature about the method is that the regional field may
be treated as an unknown and can be solved for along with the depths. The re-
gional field is assumed to be of the form g + bz where g and b are treat-
ed as the (m+1)™® and (m+2)*® unknowns: g =a and g, =D. It is
very important to realize, however, that the solution for o and p is only
a mathematical one and, like the depth solution, it results solely from the
criterion that the sum of the squares of the residuals be a minimum. It does
not necessari]y“have any resemblance to reality.

Expressions for Gi(l) and aGi/agJ for a polygonal cross section are

given by Corbaté (1965a):




2"
] Gi(l) = 2y 4p & 2, t+a+ bzi (i=1,2,**°,n) (28)
] 3G
2 L = 2y 4p (PJ . QJ) (J'-"lszs"'sm) (29)
¥ 13
if J
|
; ¥ o= (30)
3 a£m+21.
i
"_ ¥ = a (31)
% LIS
3 Letting ¢ be replaced, for convenience, with =z , and following the notation
_g of Corbaté, Z, P and @ are given by:
¥ _ s
y = K <Bkvk = Ak”k) (32)
& U
5 P = S (”kAk =58 . qu> - (Bka - Aka> <"’k+1”‘ - 2By k> (33)
% U\~ R 2
; k k . X
2 Q = Sy-1 (ékAk—l e )
= 7 R Be
- k-1 k
: x, .U ., = 2B .8
- (Bk—lyk-l - Ak—lwk-:L)( k=1 k=31 = k=1 k"l). (34)
,f:: k-1
& where
= Ae T Tl T By = Zre1 " %
= 2 2 = A2 + Bz
By = &+ 3 Y kT %k (35)
S T Tpfuen ~ T’ Te = %% " Afa
R =/
Vk=lln k+1 Wk=ta.n k
& R T
It is understood that -r < W, < +m. [Equation 33 as given by Corbatd contains
in the second term on the right-hand side he has

a mistake; instead of T4
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xk_] The index Xk proceeds around the m#n+2 vertices of the polygon in the

clockwise direction.

The depth variables are distributed evenly across the profile.  The num-
ber of variables m 1is allowed to vary from 1 to n-2 (the 2 allows for
the two unknowns a and B). Since m can be thought of as the number of
ndegrees of freedom" that the least-squares solution has, an increase in m
allows observational and round-off errors to impart more and more “instability"
to the solution as it strives to minimize s. When m 1is small compared to
» this "noise" inherent in the observations is smoothed by the least-squares
technique and a physically reasonable solution can usually be obtained. As
m increases, the solution starts to oscillate (shallow depths alternating with
deep ones) since it has more freedom to adjust to the noise. For data on the
Blue Glacier, Corbaté found that stable solutions usually required m ~ n/2, or
less.

The above equations were programmed for the CDC 6400 computer. Figure 52
shows the solutions obtained for profile G10 using various values of m. The
break-down of the technique as m approaches n-2 is clearly evident and the
most "reliable" solution is probably the one for m = 8.

Profile G10 was used for debugging the program. When the remaining pro-
files were run it was obvious that this had been a fortuitous chaice, for none
of the others showed the distinction between the stable and unstable solutions
as well as profile G10 did. The solution for each profile which has the high-
est value of m and which appears to be both stable and physically reasonable
is shown in Appendix A.  The values for a and b are also indicated; in
all cases an initial regional field of a =10 mgal and b = 0 was used.

One profile, G16, was unstable regardless of the choice of m, the initial
regional field or the initial central depth and no solution could be obtained.

In some cases the maximum m that could be used was much less than n/2 and

.i'!..
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in others (such as G13, G17 and G18) the resulting bedrock shape inspired

little confidence.

This inability to obtain many reliable solutions was very perplexing at
first. The program was checked out very carefully and has been subsequently
verified by using it on gravity data obtained by Krimmel (1970; written com-
munication, 1971) on the South Cascade Glacier and the lower Seward Glacier,
Alaska. Both of these glaciers have much simpler topography than the Nis-
qually Glacier and the results appear to be very good. In particular, those
for the South Cascade Glacier agree well with depths determined by Krimmel by
other means.

The explanation of this problem is probably a combination of several fac-
tors: (a) The Bouguer anomalies vary over a relatively small range and so
any observational error is relatively more important. Unstable solutions will
therefore be more 1ikely. (b) The Nisqually Glacier is thin and has a compiex
surface topography (and probably a cbmp]ex bed topography also). The approxi-
mation that the glacier extends horizontally to infinity, with a constant cross-
section, may not be realistic enough. This combination probably means that the
higher order derivatives aZGi/agz, 3361/853, «ee are not negligible. Thus
the approximation made in equation 25 would be invalid and it is not surprising
that the solution breaks down. (d) The stations are not always distributed
uniformly across the profile. The polygon formed by joining the stations with
straight lines may differ significantly from the real cross section. (e) Many
stations do not 1ie exactly on the profile Tine, and so their measured anomalies
will be different from the values they would had if they had been positioned
correctly. This contributes real "noise" to the observations which, like point
(a) above, can impart instability to the solution. This is illustrated by the

solution for profile G7,'wh1ch was completely unstable until station 47, which

lies about 30 m off the profile, was omitted.




The two dimensional results (excluding the most doubtful profiles G13, G16,

G17 and 618) have been used to draw the bedrock contours in Figure 53. Part of
this map is guesswork but it will be adequate for a first approximation to the
three dimensional modelling.

In previous years, particularly the mid 1950's, some of the bedrock in the
lower part of the glacier was exposed. This was mapped by the U.S. Geological
Survey during their regular 5-year mapping program and the results are indicated
wheré possible on the cross sections in Appendix A. The two dimensional grav-
ity results for profile G7, where most of the bedrock was exposed, are within
10 m of the known bedrock. This is excellent agreement considering that the

modelling is only two dimensional.

5.3.2 Three dimensional Modelling

It is obvious from the above discussion that three djmensiona] techniques
are absolutely essential for a correct interpretation of the Nisqually Glacier
gravity data. The procedure is as follows. Assume a regional gravity field
g, and a bedrock configuration. A theoretical anomaly 59, for each station

can then be calculated:

bg, = G+g_ (36)
where G is the attraction of the entire glacier at the station. This will
be compared with the measured Bouguer anomaly g, and the residual g, - b9,
converted to a depth adjustment using the infinite slab factor. A new bed-
rock map will then be drawn and the process repeated until the residuals are
within an acceptable range.

The regional field was initially assumed to be planar:
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g, = ax+ by + o (37)

The constants (a,b,c) were determined by fitting a plane by least-squares to
(a) tﬂe Bouguer anomalies at the 13 terrain stations (which up to now have not
been used), and (b) the values of the regional field determined by the two
dimensional modelling at the ends of 6 profiles which were considered to be
reasonably reliable. The latter 12 points are necessary to fix the east-west
trend of the field. The profiles used were numbers G1, G6, G7, G10, GI1 and

615; the resulting constants are a = 0.001629 mgal m™', b = -0.001031 mgal

m! and ¢ = -3.73979 mgal.

Initially a contour interval of 30.480 m (100 feet) was used (Figure 53).
The contours were digitized with the same digitizing machine used for the ter-
rain corrections. Corbatd's version of Talwani and Ewing's method (equations
15 to 17) was used to obtain the calculated anoma]ies'and equation 7 to esti-
mate the depth adjustments. The discontinuity at the station elevation was
handled using equations 21 to 23. As with the terrain corrections, the sur-
veyed elevations of-the gravity stations were replaced with the elevations read
from the digitized 1966 map. It is important to keep in mind that all three
dimensional modelling was done using the 1966 glacier surface, not the surface
at the actual time of the observations.

After two iterations the contour interval was decreased to 12.192 m (40
feet). After four iterations the bedrock had the configuration shown in
Figure 54. For this topography the mean residual was 0.038 mgal, the root-
mean-square residual was 0.180 mgal, and the maximum residual was 0.596 mgal.

Unfortunately the agreement with the known bedrock is now very poor.
Profile G7, for example, is only half as deep as it should be, despite the ex-

cellent agreement that the two dimensional modelling gave. Profile Gl is

similar.
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It became apparent that the reason for this poor agreement was the region-
al field. This had been assumed to be a p]éne determined by a least-squares
fit to a éet of 25 points. The points lying near profiles Gl and G7 were
found to 1ie away from this plane by approximate1yhthe right amount and direc-
tion to account for the discrepancy.

The assumption of a plane regional field is thus not valid. In fact,
inspection of the Bouguer anomaly field (Figure 50) supports this idea. A
ridge in the field appears to run along the east side of the glacier. This
might be due to the morainal material in this area, which probably has a dif-
ferent bulk density than that of andesitic bedrock.

Longitudinal variations in the regional field are also likely in view of
the radial nature of Mount Rainier. The huge mass of this volcano should be
in isostatic adjustment and hence the anomaly contours should be approximately
circular and centered on the summit. Such a regional field has indeed been
measured by Danes (personal communication, 1972) but the scale of the measure-
ments is too large to give detailed estimates in the region of the Tower Nis-
qually Glacier. They do, however, show that the regional field in this area
is predominantly north-south, with no east-west trend detectable.

It seems safe, therefore, to assume no east-west component to the regional
field. If one does exist it-is probably quite small and at any rate it would
be of little consequence to this study, which is mainly concerned with longitu-
dinal variations.

On the first attempt to determine the north-south component a straight
line was fitted to the terrain stations only. No improvement to profiles Gl
and G7 resulted. The terrain stations are thus too few and too far from the
glacier to be useful.

The only way out of this dilemma, apart from making many more measurements

of the regional field, is to turn the problem around and assume the known depths
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to be given. The regional field is then treated as a variable and is adjust-
ed, along with the ice depths, to give the known depths}

Profiles G1 and G7, however, are inadequate for this purpose and it was
necessary to obtain some independent depth measurements by thermal dri]]ing*.
This was undertaken in the winter and early spring of 1972 using new hot-
points developed at the University of Washington. Two boreholes were success-
fully completed in the upper part of the glacier (Figure 54). Admittedly
there is no guarantee that they reached true bedrock. However, the drills
did not advance more than 10 mm at either site under full power for one hour,
and BH-2 reached “bottom" quite abruptly. Both holes agree remarkably well
with the gravity results. Thus it is felt that even if they did not reach
bedrock, they were very close to it.

There are now four areas along the length of the glacier (profiles G1-G2,
G6-G7, G11-12, and G14) where at least the magnitude\of the ice thickness is
known independently of the gravity data, the first.two from old maps and the

-second two from the boreholes. This can be used to determine the regional

field. The topography shown in Figure 54 was adjusted to agree with the known
bedfock contours. Most of the adjustment took place below profile G9, since
the upper part of the glacier was already in good agreement with the borehole
depths. When the theoretical attraction ¢ of the resulting glacier shape is
subtracted from the measured Bouguer anomaly we should get a good estimate of
the regional field (Figure 55). The solid dots indicate gravity stations
lying above or very close to known bedrock.

For z < 6020 m, a straight line can be'fitted through the points (empha-

sizing the solid dots) with reasonable confidence, giving
% This had been sttempted in June and July of 1969, with this purpose in mind,

but was unsuccessful. Onie hot point burned out and a second one developed a
leak. No other hot points were availsble and so the project had to be aben-

doned.
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g, = -k.09 +0.003115 z - (37)

This represents a regional field dipping towards the main mass of Mount Rainier,
in agreement with the principle of isostasy (Garland, 1965, p. 51). For

z > 6020 m, the regional field appears to have a reverse siope:

g, 39.5 -~ 0.004125 = (38)

This point (z = 6020 m) coincides with the transition from the Mount Rainier
andesite to the granodiorites and quartz monzonite of the Tatoosh pluton which
extends up the Nisqually River valley to the upper nunatak (Figure 20). Thus
it is not surprising that the regional field becomes more erratic as the ter-
minus is approached. A higher degree of variation than the two straight
lines indicated is not justified by the data, however.

Also shown in Figure 55 are the Bouguer anomalies of the terrain stations.
The northernmost three stations 1ie closest to the glacier and show good agree-
ment with the above regional field. This verifies that the east-west compon-
ent of the regional field is small, at least in this area of the glacier. As
the terminus is approached the terrain stations get further away from the gla-
cier and probably give 1little indication of the regional field over the ice,
particularly as we already suspect the regional field to have significant
fluctuations in this area.

Assuming the two straight lines shown in Figure 55 are the true regional
field, minor alterations can now be made to the bedrock in order to reduce the
root-mean-square residual to a minimum, that is, to reduce the scatter of the
"t gymbols from the straight lines of Figure 55. Two iterations were per-
formed and the final bedrock configuration is shown in Figure 56. The calcu-

lated regional field 4g, = 6 , using this final bedrock, is shown in Figure 57.
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As expected, the scatter is reduced, particularly in the upper portion of the

glacier. The lower part has not changed much since we always constrain the
bedrock to agree with the known contours. The mean residual was reduced to
-0.030 mgal and the root-mean-square residual to 0.382 mgal. This omits the
circled points in Figure 57, as thesé points lie in dubious areas, such as
near the margins or where the ice is very thin.

The final glacier cross sections at each of the nineteen gravity profiles.
are shown in Appendix A and a three dimensional view of the glacier is given
in Figure 58. It must be emphasized that the excellent agreement between the
known and calculated bedrock apparent in Appendix A does not indicate the ac-
curacy of the gravity measurements. It merely ref]écts the fact that the
regional field was adjusted to give this agreement. .

The maximum depth of the Nisqually Glacier is .about 90 m and occurs at
the position of the U.S.G.S. Profile II, where the surface slope is a minimum.
Along the cente%line“the depfh rangés from 60 to 90 m, except in the uppermost
part where it decreases to 30 to 40 m (as expected, since this is part of the
much steeper upper Nisqually G]acier). The average centerline depth is 71 m.

The “"upper nunatak" is not a true nunatak but is rather the end of a long
shoulder, or ridge, extending down from the flatter region around Profile II.
West of this ridge there is a deep trough through which most of the ice flows.
The various steps appérent on the glacier surface usually correspond to steps
in the bedrock. An exception is the prominent centerline bulge on the sur-
at =z ~ 4500 m; there is no indication in the gravity data of a corresponding
bedrock bulge. Possibly it is due to dynamic effects of the steeper, faster

1ce converging in this area from the Wilson and upper Nisqually Glacfers.
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Figure 58. The bedrock of the lower Nisqually Glacier, isometric
view. The profiles are perpendicular to the centerline at each
of the etandard etake poeitione (solid dots).
cal exaggeration.
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5.4 ACCURACY OF THE GRAVITY RESULTS

Errors fall into two categories: those whose effect can be calculated
and those whose effect can not. In the former are the inherent precision of
the gravity meter and the accuracy of the drift correction; the combined ef-
fect of this is 0,06 mgal (the reproducibility of the meter, mentioned on
p.89). In addition there is a surveying error fn the determination of the
coordinates of the gravity stations. This is almost always within 230 mm,
both horizontally and vertically (section 6.4). Horizontally, this error is
negligible but vertically it amounts to about +0.01 mgal in the elevation
correction. o

‘These errors, however, are insignificant when compared to the errors in
in the second category. Here we have the unknown errors in the terrain cor-
rections, the regional field and the modelling. These have a number of causes:

(a) The density of the glacier ice was assumed to be a constant 0.9 Mg m3
and the density of the rock to be a constant 2.6 Mg m3.  The former could
have Tocal fluctuations, particularly near the glacier surface, due to the snow
cover, morainal debris, large boulders, crevasses, and cavities and debris with- '
in the ice. The latter 1s bound to have local fluctuations due to moraines, ‘
lava flows, pumice layers and other variations in the Tocal geology. Further-
more, the density of the surrounding terrain is definitely in error where there
are other glaciers covering the terrain. As mentioned earlier, this effect
was fgnored when doing the terrain corrections.

A feeling for the magnitude of the effect of Tocal density variations can

be obtained by considering the attraction per unit mass of a point source at

(x,2):

g/im = ya(z2 + a2)-3/2 (39)

Figure 59 shows a contour plot of 1log(g/m) versus log(z) and 1og(z), where




x and =z are in meters and g/m is in mgal kg'1. A large boulder 3 m in

radius and 10 m to the side and 3 m below the gravity meter would have an at-
traction of less than 0.001 mgal. Figure 60 is an alternate presentation of
this; 1t gives the logarithm of the radius ({in meters) of a sphere of uniform

2 necessary to give a 1 mgal attraction at the origin. Out

density 2.6 Mg m_
to a distance of about 30 m the sphere would have to be so large that it would
enclose the origin. Despite the fact that equation 39 is no longer valid in
this case, it does show that local density variations would probably have to be
unrealistically large to produce a detectable effect on a gravity meter.

(b) The topographic surface of the glacier which was used in both the
terrain corrections and the three dimensional modelling is known to differ by
several meters from the actual surface at the time of the gravity measurements
(Figure 43). Ideally a map should have been made .for the May 1969 surface.
This was not done as it would have been impossible to draw a map as detailed
as the 1966 map from only 195 spot measurements of the surface elevation.

A very approximate estimate of the effect of this error can be obtained
by examining Figure 45, which shows the terrain corrections for the 1966 glacier
surface., If we assume thatlthe "roughness" of the surface remains about the
same between 1966 and 1969, then the maximum difference in the terrain correc-
tion between any two adjacent stations, about +0.2 mgal, gives the required
estimate.

(c) Errors in the digitizing of the terrain and the calculation of the
gravitational attraction by Talwani and Ewing's method could be present, but it
{s felt that these are much less than the other errors mentioned (see p. 109).

(d) The regional field could depart appreciably from the straight lines
used in the final modelling (Figure 55). In fact the data suggest that this is

indeed the case near the terminus.
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These errors influence the terrain corrections, the regional field and the
modelling and thus their effect on the final depths is inter-related and com-
plicated, even if definite figures could be ascribed to them. However, i{f we
assume the {nfinite sheet factor 2my-4p-Az to apply, then we can make some
guesses as to the overall effect. For a mean depth of 60-70 m and a mean

3. an error in the density contrast of 0.1 Mg m-3

density contrast of 1.7 Mg m™
implies an error in the depth of t7 m. The same uncertainty in =z results
from an error in & of 20.5 mgal. Figure 57 shows that the regional field

is probably known to within this amount, except towards the terminus, where

the error may be as much as 1 mgal.

Based on these figures, the bedrock topography is considered accurate to
+10 m, increasing to 15 m as the terminus is approached (below the upper nun-
atak). These limits agree with those of other workers (for example, Corbatd,
1965b; Crossley and Clarke, 1970). Without the areas of known bedrock and
the two boreholes, the regional field could not have been defined nearly as
accurately and the bedrock uncertainties could well have been too great for an
adequate analysis of the flow.

The terrain correction and medelling procedure used here are considered to
be quite accurate. The integration of v(z) effectively smooths the topo-
graphy between the contour 1ines and so the model of the attracting mass is
considerably more realistic than if discrete compartments, such as Hammer zones,
are used. Gravity stations near the margins of the glacier or near areas of
severe terrain can be handled, provided an accurate map is available. Taking
gravity measurements in such areas should not be avoided in future, especially
readings adjacent to the margin, as these are very valuable in fixing the

regional field.
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Chapter 6

THE SURFACE VELOCITY VARIATIONS

6.1 THE MOVEMENT STAKES AND THE SURVEYS

The surface motion of the Nisqually Glacier was measured with a theodolite
using standard surveying techniques. This is the only feasible method for
measuring the movement accurately at a number of points, independently of ac-
cunulation and ablation effects. Electronic instruments are now available
which can measure distances very accurately but to obtain the three dimensional
coordinates of a point three.stations have to be occupied instead of two.
Furthermore, such deviceé are limited to more or less the same weather condi-
tions that theodolites are, the accuracy of the vertical coordinate is no Qreat-
er than that obtained with theodolites, and the corner reflectors required on
the glacier are expensive.

The triangulation points are discussed e1sewhefe.(section 4.1). For mea-
suring vertical jce motion, the markers on the glacier have‘to be stakes placed
in holes drilled in the ice. Normally wooden stakes are used so that melting
of the surrounding ice by absorbed radiation is reduced. . However, wood stakes
could not be used in the winter as they would break easily during storms, espe-
cially with the heavy riming condifions common on the Nisqually Glacier,
Moreoyer, the stakes woul& have to be extendable and protrude high enough above
the surface so that heavy snowfalls would not bury them.

Therefore metal stakes were used. They were made from high strength alu-
minum alloy tubing (6061-T6), 31.75 mm (1.250 inch) outside diameter, 1.59 mm
(1/16 inch) wall thickness, and 2 m long. At one end a short piece of thicker
tubing, 28,60 mm (1.125 inch) outside diameter and 3.18 mm (1/8 inch) wall
thickness, was inserted. It protruded 120 mm so that it could be matched with
the open end of a similar length of tubing. In this way “"sections" could be
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added or subtracted to each "stake". A roll pin was mounted in the coupling
fo lock with an L-shaped slot in the open end of the other section. To help
offset the higher thermal conductivity of metal the stakes were painted white
and a wood plug placed in the bottom of each stake. Black marks, 80 mm long,
were painted at 1 m intervals and 25 mm black marks at 0.5 m intervals. These
were used to sight on and to read the surface level on the stake. All sight-
ings were made to the middle of the marks.

To avoid resetting the stakes frequently during the heavy ablation season
they were initially placed in the ice to a depth of 4-8 m. Mechanical dril-
ling to this depth is difficult and time-consuming, so a steam drill was used.
During the first summer (1968) a Norwegian steam drill was used but it fell
apart by the end of the summer. The author designed and had built an improved
steam drill (Hodge, 1971) and this was used successfully for the remaining time.
The use of a steam drill allowed stakes to be placed in ice containing morainal
debris.

Under the circumstances the sectioned metal stakes worked very well.
Radiation absorption by the metal did not appear to cause appreciably more en-
lafgement of the hole than normally occurs with wood stakes. There was some
indirect evidence* that the stakes did slowly melt down into the ice, despitel
the wood plug, but the effect on the vertical motion is jnsignificant (less
than 1 mm d"). The stakes were not flagged since it was found easier to lo-
cate them by using the readings from previous surveys.

The greatest problems, as expected, occurred in the winter. Ideally sec-
tions would be added to the stakes to keep ahead of the snowfall but too many
could not be added otherwise the combination of wind and rime would easily bend
the stake over horizontally and then bury it. As days of good weather were

® Plastic tape wrapped arcund the tubing to replace painted black marks which
had been scrsped off was pushed up the stake about 300 mm over a 1l year period.

This occurred on several stekes.

3
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few it was difficult to meet these criteria. During the first winter 10
stakes were demolished by an avalanche which came all the way from the icefall
to just opposite TP-2, and during the second winter 18 stakes were bent over
and buried in a very severe riming storm. In both winters many stakes were
simply buried by heavy snowfalls before sections could be added. Temporary,
or "alternate", stakes were added as soon as possible to replace lost ones.
Many sections were recovered later in the ablation season, but many were bent,
mangled or even severed in two. Only a third of the original 260 sections
survived two seasons.

The primary set of stakes was a longitudinal line down the band of bare
ice which 1ies approximately two-thirds of the way toward the west side. This
band was presumed to mark the line of maximum velocity. The surface velocity
field measured in May 1970 confirms this. The longitudinal, or "centeriine",
stakes are denoted by the letter "C" and are numbered consecutively up-glacier,
from C1 to C20. They were spaced approximately 130 m apart. A transverse
profile (M) of seven stakes, about 80 m apart, was placed in the same area as
the U.S.G.S. Profile II. These two lines of stakes were maintained as well
as possible throughout the entire study*. Two other transverse profiles (L
and U) were also established, corresponding roughly to the U.S.G.S. Profile I
and Profile III respectively, and a short longitudinal line (X) was run between
the upper and the middle transverse profiles on the east half of the glacier.
Part of the U profile and all of the X line were discontinued after the first
year of measurements. The centerline, the transverse lines and the positions
of the 19 centerline stakes are indicated on the panorama taken from TP-8
(Plate 1).

The stakes were surveyed from June 4, 1968, to June 4, 1970. During this

* Bxcept steke C6. This was in the middle of & small icefall and proved to
be more trouble than it was worth. It was sbandoned after the first summer.
Only the remaining 19 centerline stakes will be considered from now on.
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two year period 59 successful surveys were made, an average of one every twelve
days (Figure 61). The time between two successive measurements of the posi-
tion of any stake varied from 6 days to 73 days.

A stake is said to be "redrilled" when it has been reset (by either extend-
ing the old hole or by making a new hole) and the amount of shift is known {by
measuring it with a tape measure and Brunton compass). It is said to be
“shifted" when it has been reset and the amount of shift is unknown. A gap
in the line connecting the measurements of a stake's position in Figure 61 in-
dicates that no velocities can be calculated by bridging the gap (for example,
when a stake was shifted).

In the first year two days were required to survey all the stakes, the
division between the "upper" and "lower" surveys usually being between C5 and
C9. In the second year, new triangulation points were established so that all
stakes could be measured in one day. Some surveys were only partially com-
pleted due to bad weather. A1l measurements consist of both horizontal and
vertical angles, and almost all are the mean of the direct and inverted posi-
tions of the telescope (bad weather occasionally prevented the use of both posi-
tions). Finally, in the second year several stakes were sometimes measured
from more than two triangulation points on the same survey.

During the first summer, 40 stakes were placed and measured. This was
reduced to 29 the following summer. The number dropped to a Tow of 14 the
first winter and 10 the second winter (excluding the alternate stakes). Sur-
veys were attempted in the winter months whenever the weather looked favorable
but nevertheless large gaps during December and January still occurred.

High winds prevented or prematurely terminated more surveys than did un-
expected fog or clouds. Most surveys were done under clear, sunny skies, with
a 1ight breeze. Air temperatures ranged from -ZIfC to +22fc. Completely

calm air occasionally caused slight problems, such as heat shimmering or
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drifting of the theodolite level, and ice in the holes for the tripod legs was
disastrous 1f 1t was not thoroughly removed beforehand. Image shaking gener-

ally became too great when the wind exceeded approximately 10 m s°]

,» although
it was accidentally found that this 1imit could be exceeded when the TP was
buried under snow and a hole had to be dug for the theodolite.

The times that the measurements were started and ended at each TP were
recorded and then averaged to give a mean time for that particular survey.
The time is specified in days, and decimal parts of a day, from an arbitrary
origin at 0000 hours, Pacific Standard Time, January 1, 1968. On this scale,
the surveys started at ¢ = 155 and ended at ¢ = 885.

As mentioned earlier, three transverse profiles and one secondary longitu-
dinal line were measured in addition to the main longitudinal line. This

study, however, will be concerned only with the analysis of the data from the

19 longitudinal (centerline) stakes.

6.2 REDUCTION OF THE SURVEY MEASUREMENTS

6.2.1 Caleulation of the Mean Horizontal and Vertical Angles

With a theodolite horizontal angles are measured with respect to some
fixed reference point, usually another triangulation point, and vertical angles
are measured with respect to a level bubble on the instrument. Both angles
should be read in the direct and inverted positions. This is particularly im-
portant for the vertical angles, since this eliminates any collimation error be-
tween the telescope axis and the reference bubble.

For speed and convenience all direct positions were measured first and
then all the inverted, the horizontal setting to the reference mark being mea-
sured before and after inverting the telescope. It is best to invert the
telescope at each stake, but this is more time-consuming. Errors caused by the

faster technique are probably negligible (section 6.3.1). The more rigorous
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method, however, was used for the gravity stations because of the accuracy re-
quired in the vertical angles.

The following angles, in degrees, were read with the theodolite:

H(D) = horizontal direct reading on the stake

V(D) = vertical direct reading on the stake

A(I) = horizontal inverted reading on the stake

V(I) = vertical inverted reading on the stake

E%(D) = mean horizontal direct reading on the reference mark*

B%(1) mean horizontal inverted reading on the reference mark*

Ideally the direct and inverted readings are related by

H(I) = 180 + H(D) [a(D) < 180]
2(I) = H(D) - 180 [#(D) » 180] : (1)
v(I) = 360 - V(D)

In practice we allow level adjustments to be made, if needed, between the direct
and inverted sets of readings. If this is done the above expressions for H(I)
are not necessarily true since we may have effectively shifted the horizontal

circle. To allow for this, the reference mark is first subtracted from the

readings:

7' (D) 2(p) - 8%(D)

(2)

2 (1) B(1) - #%(1)

Since the horizontal angle is the angle measured clockwise (Tooking down) from

the reference mark to the stake, then 360° must be added to H'(D) or H'(i)

* Usually the mean of two settings on the reference mark, one before a set of
§take readings and one after. Occasionally only one setting was obtained.




et 4 < Gitetes Gaa b ak

T ]

164

if they turn out to be negative. The mean horizontal and vertical angles are

then

_ B'(p) + &' (T)
ik 2

(3)

v(D) + 360 - V(I)
2

where i 1is an index indicating the TP occupied and k {s an index indicating
the TP used as a reference mark.
For finding mistakes in the data it is useful to calculate the discrep-

ancies between the direct and the inverted readings:

g'(D) - B'(I)

"B
]

(4)

Y4 v(D) - 360 + V(1)
If weather prevented either the direct or the inverted readings from being ob-
tained then mean values of AF or AV from the same survey or from previous

surveys were used to calculate Hy or V.o

6.2.2 Caleulation of the Coordinates of a Point

Let (z,y,2z) be the coordinates of a point in space which is observed from
two triangulation points. These coordinates can be calculated by simple trig-
onometry, given the measured mean horizontal and vertical angles to the stake
and the known coordinates of the occupied TP's and the reference TP's. The
horizontal coordinates (z,y) are first calculated from the horizontal angles
and then the =z coordinate is found by using the horizontal distances to the
point and the measured vertical angles. For clarity, we will refer to this
"point" as a "stake" for the remainder of this discussion.

First, we convert the horizontal angles By to azimuth angles w, -
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to

TP

X
=

Figure 62.

The calculation of the horizontal coordinates (x,y) of a point
which is observed with a theodolite from two triangulation points. In
the situation shownm, BiJ < 0, Bji > 0, wy < 0 and wy < 0.

A1l "azimuths" in this study are understood to be angles measured from true

south (+X axis) to the stake, positive to the east (+Y direction) and negative

to the west (-Y direction). Hence they vary from -m

are assumed to be converted to radians at this point.

The algorithm for w

By

w
i

. is (Figure 62):

tan~! I.j -1y
X -Xi

> 7, subtract om

t0o 7.

A1l angles

(5)
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where @ ., 1s the azimuth of TPy from TPs (Table 6) and (xi,yi,zi) are the co-

ordinatesJof TP1.  Throughout this study arctangent is written "tan"(%&“ to
denote the use of the FORTRAN function ATAN2(Y,X). This function returns a
value between -n and +v and will handle all values of X and Y except
X=Y=0,

Let x; and X3 be the interior angles of the triangle at TPi and TP
respectively, and Tet « be the angle subtended by the two TP's at the stake
(called the "stake angle”). The horizontal distances from the TP's to the

stake are then

d = B gin xl
1 j'J(El:ln. K )
and (6)
d = B sin xi
J ij(sin K )
where
= . 2 - 2 7
by, {(x1 X% 4 (3, - 7,) (7)

is the known horizontal distance between the two TP's (Table 8). The interior
angles (xi, xj) are calculated by the algorithm:

xg = [8gy = uyl
= - 8
Xy = 1843 = u,l (8)
{f ejther Xy or Xy > =w, subtract from 2=
The stake angle is given by
(9)

K o= T =Xy =Xy
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The horizontal coordinates of the stake are then

8
]

Xi+di cos w

Yi + d:l gin w

1 (10)

w
]

i

Yertical angles in a theodolite are measured from the nadir point (Figure
63). The =z coordinate can be fixed by measuring the vertical angle to the

stake from only one triangulation point:

3 = 2.?i - di cot Vi (11)

Thus when vertical angles are measured from both TP's the results can be

weighted according to their respective standard deviations (section 6.3.2) and

averaged:
z = YiB1 ¥ V434 (12)
v, +v 3
AZ
Stake
(x,y,2) 1
2 Z|
Horizontal
plane
Pigure 6€3. The ealculation of the vertical coordinate z of a point which

i8 observed with a theodolite from ome triangulation point. The horizontal
distance di g8 asswned knowm.
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where the weight w of a measurement is related to its standard deviation by

w o= (13)

Az = 3, -3 (14)
is a useful quantity for picking out errors in the data.

6.2.3 Corrections for Tilt of the Stake

It was obvious from the beginning that corrections would have to be made
for the tilt of the stake, as this was likely to chapge from one survey to the
next. To calculate the tilt two points on the stake were measured with the
theodolite, the mark at the top of the stake (which was always measured) and
then the mark closest to the glacier surface, known as the "surface mark"
(Figure 64). Alternately, if the stake appeared to deviate from the vertical
by not much more than the width of the cross-hair in the theodolite, it was as-
sumed to be vertical from that TP and no surface mark was measured. Since the
marks on the stake were at half-meter intervals a surface mark could only be
measured if at least 0.5 m of the stake was visible from both TP's. Situations
where less than 0.5 m of the stake was visible and the stake had appreciable
ti1t were fortunately very rare and the tilt of the stake was obtained in almost
all cases.

The tilt of the stake is denoted by two angles, o, the amount of tilt
from the vertical (+Z), and ¢, the azimuth of the tilt from true south (+X).
Let (xo,yo,zo) be the coordinates of the top of the stake and let (xs,ys,zs) be

the coordinates of the surface mark. Then (6,¢) are given by
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- 2 I 21712
8 = tan~! [(xo zs) + (yo ys) ] (0 ¢ 8 ¢ +1)-
zO - 85
(15)
6 = ten?|¥% " Y (-7 < ¢ < +m)
z -
0 5

This 1s known as method A. The singularity point (:o =z, Y, ys) has to be

treated appropriately.

Az ,/\ “"\\
7
/ N TP

\
/I K (Xo4Yo +Zo) \\

'
[
'
\
\
Surfoce mork \\

(xy1¥q 129 3

T

Figure 64. The ealeulation of the tilt (8,¢) of a atake.

We have tacitly assumed here that the surface mark is the same for both
TP's, so that it is possible to calculate the coordinates st,ys,zs). A sub-
- stantial number of situations arose, however, where the surface mark was dif-
ferent for the two TP's, due to biocking by intervening parts of the glacier
surface. It is still possible to calculate the tilt though, because the dis-
tance R' between the surface mark and the top of the stake is known. This
method, known as method B, is now described.

The desired point (x,y,z) must 1ie on a sphere of radius R' about the



170

point (xo,yo,zo):
B? = (z-2)2+(y-y)+(a- 2,)? (16)

The line of sight from the TP to the surface mark can (a) intersect the sphere
in two distinct points (zi?yl’gl) and (xz,yz,zé), (b} be tangent to the sphere
at a single point, or (c) miss the sphere completely. The direction cosines
(Z,m,n) of the 1ine of sight are determined by the measured azimuth « and the

vertical angle v:

1 .= cos rtan'l [sin?w + tan?(V - w/2)]%/2
i cos W
m = cos |tan~! [eos?w + tan?(V - n/2)]1/2 (17)
i sin w
N

cos(n - V)

3
[}

w 1s calculated from the measured horizontal angle using equations 5. The

line of sight has the form

A m n _ (18)

where (x,7,2z) are the coordinates of the TP. Solving (16) and (18) we get a

quadratic equation Az + Bx+ C = 0  with the solution

z = =B2 [g: - 4ac]i72 (19)

where



m

= 1+ (m/1)2 + (n/1)2

= 2(—x° +D+E)

xi..’.DZ.,.EZ_BnZ (20)
= (Y - Y, - mX/1)m/1l

g O O W »
[}

= (2 - 3, - nX/l)n/l

The three cases for the roots of (19), two distinct real roots, one real root,
or two imaginary roots, correspond respectively to the three physical situa-
tions mentioned above. Rather than discard the imaginary case as unsolvable,
the point on the 1ine of sigﬁt closest to the top of the stake was solved for
and used to replace the fmaginary roots. If the direction cosines of the line

from this point to the top of the stake are (Z,M,N) then

x=z _ Y~-Y, . B- 2, (21)
L M N

and
L2+M + 2 = 1 | (22)

Solving (18), (21), and (22), and using the condition that the distance

r = [(z - so)z + (y - yo)z + (2 - zo)?ll’z (23)
be a minimum, we get

= = -5 (24)

Once z 1s known (from equation 19 or 24), y and 2z are calculated

from the relations:
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Y+ (x -~ X)m/l

w
[}

Z+ (z - X)n/i (25)

3]
]

and the tilt angles (o,¢) from equatfons 15.
The distance (r'- R') that the point 1ies outside the sphere was also
caiculated. Values of this greater than 100-200 mm were usually considered
to be due to factors other than random errors in the measurement of the angles
and the ti1t was considered unknown in this case. Fortunately the majority
of values were only a few centimeters and only very rarely were tilts discarded.
This method thus gives either one or two solutions for (8,4) using the
data from only one TP. The other TP also gives one or two solutions. Ideal-
1y one solution from the first TP and one from the second would be jdentical.
In practice we compute the angle between each of the solutions for the
two TP's and choose the pair which gives the smallest such angle. The mean
of this pair is taken as the correct solution. This s found as follows:

The angle 1t between two line segments is given by -
cos T = 1.1, +mm, + nn, (26)

where (zlfml’nl) and (Zz’mz’”z) are'the respective direction cosines. These

are calculated from (s,¢) with the relations

B h
. = cos |tan-l [1 - sin2s cos?¢]1/2
sin 0 cos ¢
m = cos |tan™? [ [1 - sin?6 sin®¢]'2 (27)
L sin 6 gin ¢

cos ©

3
It
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The mean (8, ¢) of the two tilts (el,¢l) and (92.¢2) is then given by

— [F2 + ¢2]172
cos e1 + cos 02 )
N = -1{C
$ = ten (F)
where (28)
F =

g8in Bl cos ¢1 + sin 62 cos ¢2

G = sin el sin ¢1 + sin 92 sin ¢2
Method B can also be used in the original situation where the two surface
marks are the same (Method A). The two methods do not necessarily give the
same answer since method B uses additional information that is not used in
method A, namely the known distance R'. Cohsequent]y values of (8,¢) were
always calculated with method B and, if possible, with method A also. When
both methods are used the mean of the two is used for the final tilt angles.
The difference between the two methods gives a measure of the accuracy of the
tilt calculations; such differences were usually only a few degrees and seldom
exceeded 10°.
The special situation where the stake appeared to be vertical from one TP
(a subset of method B) is easily handled since the stake lies in a vertical
plane whose normal .has direction cosines zl = cos(uw+n/2), my =cos w, ny =0
where » 1s the stake azimuth observed from that TP. Method B can be used
for the other TP and, in general, it gives two possible values fpr the tilt.
The correct value is the one which lies closest to the above plane, that is, has

the smallest value of the distance

8 = |1z -x) +mly - 7| ‘ (29)
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where (z,y,2) répresents the two solutions from method B (equations 19, 24 and
25) and (X,Y,2) are the coordinates of the TP from which the stake appears to

be vertical.

6.2.4 Corrections for Bend of the Stake

During the winter the long metal stakes were frequently bent over by wind,
rimi;g and snowfall. As will be shown-later, the effect of this on the velo-
cities was often drastic, even producing backward motions at times.  Although
it is impossible to tell exactly how the stake was bent it was necessary to
make some attempt to estimate a correction factor.

Suppose a stake has a tilt (el,¢1) and that the distance along the stake
from its bottom to the glacier surface, known as the "surface level", is Ry
(Figure 65). The next time the stake is surveyed, snowfall has increased the
the surface level to R, and the portion of the stake still exposed is found
to have a new tilt (92,¢2). If we assume that the segment between R, and
R, has been bent in a eircular are tangent to the adjacent eegments, then it
is possible to obtain a unique solution for the coordinates (ax, ay,2z) of the
point at R relative to the point at Ry. This assumption also implies that

1 , ,
all three segments 1ie in the same plane (the plane of the paper in Figure 65).

From now on, the "bend" of a stake is always assumed to be like this. It
is one of the simplest models that can be used and experience in the field has
shown that only occasionally were stakes more severely contorted.

Each time another survey is done, new values of (r,0,¢) are found. The

above process is répeated and a picture of the stake's shape is built up as the

_winter progresses. When ablation commences the surface level drops and the

stake becomes more and more upright. The equations to be developed will handle

this situation equally well.
When the lowermost of the three segments js 1tself bent, its tiit values
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(Bripe) — (1p ,mg ,ng)

8] = [ =

IR0 Dhon o

‘ Center of
(0| .¢|) = (hymy,ny) Curvature

Figure 65. The calculation of the bend of a stake. The bent segment
i8 assumed to be a circular arc tangent to the adjacent segments.

apply to its uppermost point. One bent segment can run smoothly into another

bent segment, but the planes containing the two bent segments do not have to be
jdentical. Hence, although each segment must be two dimensional, the shape of
the entire stake can be three dimensional. No generality is lost, however, in
the following derivation by assuming the upper and lower segments are straight.
and 4, (Figure 65).

Let the lower and upper segments“be vectors 41

’"1) and (12,m2,n2) respectively, can be deter-
1¢) 2nd (o500,

B. and §2 be radius vectors of the circular middle segment, with direction

i 'n' ly. t the normal of the plane
cosines (Zl’mi’"i) and (Zéfma’"z) respectively. Let the n 0 p

Their direction cosines, (Zl,ml

mined from their tilt angles, (e ), by use of equations 27. Let
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containing all these vectors have direction cosines (r,m,¥).:

The angle of bend v can be found from equation 26, using the known values -
of (Zl,ml,nl) and (za,mz,na). This is also the angle subtended by the bent
segment and hence the length of B, or B, fis

(30)

r = RZ“RI
' T

Our basic assumptions can now be used to set up six equations in six unknowns,

(Zi,m]'_,n{) and (Zé,m,‘;,nzf) :

(31)

or, in terms of the direction cosines,

’ [4 [}
lel+mm + n.n 0

11 11

’ 4 [4 .
_1212 + mymy +nn) = 0

' =
Limn, = nymy) + mi(nyl, = Lyny) + ny(lymy = my2y) (32)
! R =
Zé(mlrz2 - nlmz) + mé(nlla - Zlnz) + n2(11m2 mlla) =0
2 2 2 =
Zi + ml?_ +ny 0

7] 72 12 =
'1;2 +my + n, 0

The solution for (zi’miﬁ”i) is
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t[14 4]+ {00 - ypIVR]TV2
e 4 b (33)

- (Z]'_A + Miu)/v

3
He (He Ha
1] ]

3

where

A = mlna - n1m2 :

o= mi, - L,
v = 11”'2 - mlle

v, = (g = v2,)/(my - wmy) . (35)

 (34)

A similar solution for (Za?,mé,né) results, provided we replace Yy with

Y, = Oy = v1,)/(my = vmy) (36)
We thus gef four possible solutions, - :(z]'_,m]'_,n]'_), :(za',ma',né). correSpqnding
to the four combinations of the vectors B, and B, shown in Figure 66.

The correct sol utioh,-case (a), is determined by defining é temporary
coordinate syﬁtein fixed on the point. R, as shown. The possible i:oor_‘dinates
of the point Rl. with respect to R, are, in the old system,

o= o2 (Lt 19) |
by = £ (mj tm)p | (37)

Az = ¢ (":[ tné)rl
and {n the new system:

z' = 1) Az +m} Ay + n} Az '
2 2 2 (38)

y' = lyAz+my dy+n, As
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(0) (b)
(y'<0, Ix'| small) ' {y'>0 , Ix] large )

{c) (d)
(y'>0, k' ﬂ_ncll) o (¥'<0 , Ixllarge )

Figure 68. The four poaatble solutions for the bend of a stake. The
phyeiocally correct one is case (a).
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The correct solution 1s the one for which y' <€ 0 and lz'l  4s.a minimum.k
This tells us wﬁ1ch sign to use in (37). |

Knowing (ax,Ay,5z) the "bend corrections" are easily calculated. These
are defined as the adjustments needed to the coordinates of the bottom of the
stake after they have been corrected for tilt. If R, {s the total length of
the stake, from 1ts bottom (z,.y,,% ) to its top (z .y, s3,)s then

z = =z, - Ro sin Bo cos ¢° + bx
Y = Y, = B, sin &, 8in o, + by (39)
2 _=' 3, - &, cos.eo *b,

where (8 _,¢_) is the tilt of the uppermost (straight) segment. The required
bend corrections (bx,by,bz) are

bx = R, sin So cos 4!0 - R sin B.b cos ¢.b + 2 Az
I:oy = R, sin GO sin ¢° - B, sin 8 sin ¢b + 2 by (40)
bz = R, cos e, - R, cos 8, + 2Az

where (eb,¢b) is the ti1t of the lowermost (straight) segment. The summation

is over all bent segments between R, and R,. (Ax,by,42) are given by

equations 37.

6.3 ERROR ANALYSIS
| 6.3.1 Errors in the Angle Measuremente
Errors, Oy and g, in the measurement of the horizontal and vertical
2* %’ and Oy in the coordinates and tilt
and a, would be measured on each survey by taking

angles result in errors, Ogs Ty» O

of a stake. ldeally o

a number of readings of each angle. This would also give a more accurate mean
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value for the angle. However, this would have made each survey prohibitively
long and so it was decided to make only one observation of each angle and use
"standard values" for 9 and G- These were determined on August 5, 1970,
by making 75 observatioﬁs from TP-8 of the horizontal and vertical angles to
the painted cross on the rock cli1ffs below TP-5. TP-4 was used as a reference
mark. The cross is close to the glacier surface and the sighting paths are
representative of those usually made. The weather was sunny with a 1ight
breeze, typical of mos surveys. The observations lasted 6 hours, covering
that part of the day when most surveying was done.

The first 50 observations were made in two groups of 25 each. In each of
these two groups the direct readings were done first and then the inverted ones
(as was the technique on regular surveys). = The remaining 25 observations were
done in the more rfgorous manner, inverting the telescope at each sighting.

The observations were reduced using equations 1 to 4 and the results are shown

in Table 11.

n Oh U'V
First group 25 2.6 4.3
Second group | 25 2.1 3.0
Th'lr;d group 25 2.6 3.4
A1l together - 75 : 3.1 5.3

Table 11. The standard deviations in the angles turned to the crose on
August 5, 1970. All values are in seconds of are. In the first and
second group all direct angles were measured before the inverted angles.

. In the third group the telescope was inverted each time (the correct prac-
tice to use with a theodolite). n 18 the rmumber of observations.

This table shows that there is no significant difference between the two
techniques, justifying the use of the faster but less rigorous one. Taking
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all the observations together we get the “standard values" o = 3.1" and o =
5.3, "

The frequency distribution of the fesidua]s for all the cross observations
is shown in Figure 67. The distribution s not very Gaussian, particularly
for the vertical angles, and so an independent estimate of o, and L would
be desirable.

The angle measurements made for the triangulation net provide such a check.
They have the disadvantage that they are only 4, 6 or 8 measurements of many
separate angles and so the residuals are deviations from many means rather than
a single mean, but, taken together, they have the advantage of being a much
larger sample (436 and 387 versus 75) distribhted over a much wider range of
conditions. The frequency distribution of the residuals is very clearly
Gaussian (Figures 68 and 69). The standard deviations are o, = 2.13" and
dv = 3,28", both notfceably smaller than those of the cross measurements.

A possible explanation of this is shown in Figure 70, which shows the re-
siduals of the cross measurements as a function of the time of observatioﬁ.
There appears to be a significant variation, particularly with the vertical
ang]es. This is very suggestive of changing atmospheric refract1on Since
the 4-8 measurements of the net angles were usually made over a period of only
one to three hours, compared with the six hours for the cross measurements, re-
fraction effects are likely to be smaller in the former case. In fact if we
take an average of the three groups in Table 11, rather than considering all
observatisns together, we get values in much -better agreement with the results
from the net angles.

-Thus'the values o= 3.1" and o = 5.3" are likely to be conservative esti-
mates of the angle errors. Using these values will also allow for refraction
effects, which are very difficult, if not impossible, to calculate over a gla-

cier surface (Brecher, 1966; Meier, personal communication, 1968). Since the
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cross measurements were made with the same instrument on the same glacier and
under the same conditions as encountered on most surveys it seems safe to as-
sume that these errors represent the combined effects, not only of short term
changes in atmospheric refraction, but aiso of the inherent accuracy and sta-
bility of the instrument, the accuracy of setting up and levelling it properly,
the accuracy of aligning the cross-hairs on a stake, and the accuracy of read-

ing the scales. Finally, the value of o, agrees remarkably well with the

h
value of 3.0" obtained by Meier (1960) on the Saskatchewan Glacier with a Wild
T2 theodolite.

between the =z values determined from the

The difference, Az =3, - 3

1 2°
two TP's has a possible bearing on the refraction effect. Figure 71 shows the
frequency distribution of nearly all the 4z values calculated during the
course of this study. The distribution is very close to Gaussian except for a
curious displacement of the mean of about +1 to +3 cm. Because sz, js from

the first TP occupied and z, is from the second, z, is usually measured

2
about three hours later in the day than 2. Since 2, was usua]jy measured
around noon, when temperature gradients above the glacier surface are probably
the.strongest, it should be subjected to greater refraction. This would make
it higher. Since this is indeed found to be the case, it seems reasonable to
suppose the displacement of 1-3 cm is due to refraction and that this value is
a crude estimate of its average effect. This corresponds to about 2 to 6 sec-
onds of arc at typical sightings of 1 km. This verifies that o, = 3.1" and
o, = 5,3" probably includes most refraction effects.

A fourth, and final, estimate of the accuracy of the horizontal angles
comes from examining the "closure" on each loop made with the theodolite. This
is the difference between readings on the reference mark before and after a se-

ries of stake readings. If we consider the initial setting as the "reference

reading" and the final setting as the “stake reading", we can view the closure
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as simply turning an angle to a stake which happens to be 360° awa&.

The frequency distribution of the closure i1s shown in Figure 72; the
standard deviation is about 7". [This excludes 17 points which fall outside
+30" (about Lo) since these probably represent events other than atmospheric
effects or random setting error.] This value is roughly twice the values
quoted above. This is not unreasonable, however, since the closure spans a
time interval about twice as great, on the average, as that involved in the
normal measurement of horizontal angles, where a mean of the two reference set-
tings is used. Thus, on an equivalent time scale, the closure would be of the
same order as the standard values of o and o_.

The distribution of Figure 72 also shows a mean closure of about 1.5".
Since the closure was always caiculated by subtracting the final reading from

the initial one, this 1is suggestive of a drift of the reference mark with time.
Changing atmospheric refraction could again be the cause of this.

6.3.2 Errors in the Coordinates

Since we assume the angle errors to be constant, the errors in the coordi-
nates and tilt of a stake are due solely to geometric effects. The calcula-
tion of these errors is now described.

If f(z,y) 1s a function of two independent variables = and y, each of

which is subject to standard deviations éx and oy, then it can be shown

| (Baird, 1962, p. 63) that the standard deviation of f 1is, to a first approxi-

mation,

iz = (&%) o2+ (&) o

9 x 3y

(41)

2
y
provided the variations in = are independent of the variations in y , that

is,
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= 0

. .
2 (& - Dy - ) (42)
where (z,y) are the means of the n values (z5,9,)-

First consider the x coordinate of a stake. Combining (6) and (10) we

get

z = X 4 bﬂ(sin xj)cos w; (43)

gin «

From (5) we see that wy is of the form
wp = Byy b Ryxg - 20l (44)

where ki =+1 1if the\stake azimuth is to the anticlockwise side of the base
1ine (Tooking down) and ki =<1 if it is on the clockwise side, and where

Zi =+1, 0 or -1. The term 21rZi has no effect on sin w, Or cos u, and

can be omitted. Hence, substituting (9) and (44) into (43), we get

z = X + biJ sin Xy cos(kixi * Bi.fll (45)

sin(m - x; - XJ)
We assume there are no errors in Xi, biJ and BiJ (section 4.4) and that each
of Xq and Xy is subjected, independently, to an error of Oy - If we evalu-
ate the partial derivatives 3x/3xi and a.e-/axJ and substitute the results

into (41) we get

22,2 . 2
ci - ohbij sinzxd(cos K cos wi - ki sin K sin wi)

sin%k

+ coszwi(cos k sin X + s8in « cos XJ)Z (46)
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Using standard trigonometric formulae and the relation (Selby, 1962, p. 467)

dj = biJ cos x, + d; cos x (47)

we can condense (46) into

02

ai = h di cos?(x + kimi) + dg coszmii .(48)
sin2x
An analysis of all possible geometric configurations will show that
Wy = wy + kix (49)
Using this, plus the relation
cos(x + kiwi) = cos(wi + kix) (50)
equation 48 simplifies to
P
oi - %h di coszmJ + dﬁ coszwi‘ (51)
sin¢
By a simiTar.ina]ysis, the standard deviation in y is
2 . ©of a2 sin2w, + d2 sinw (52)
oy = h i sin wJ 3 sin®w; .
sin2k

The &z coordinate has to be handied slightly differently since two independent

values can be calculated from each triangle. From (6) and (11) these are

given by
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. - sin x, cot V
i 2y bij( Al i)

1<
I

sin «

2 - sin x, cot ¥V
N7 bn( ' 3)

sin «

(53)

1]
i

This time, in addition to an error 9 in X3 and Xy we have an error o,

in v, and V&. The analysis is similar to that for equations 45 to 48; the

results are

2,8 B di cos2k + dg o2 di 62
zi | ; 2 h = v
. tan Vi gin K sin V:i. (54)

2 2
o2 = (dﬁ cos®k + di)gi +( d; )cr,%
J ta.nzVJ sin?c ain"VJ

The two z values are combined using equations 12 and 13; the mean error in =z

is then

o2 g2
z Z

2 = ——id _ (55)

62 + o2
Zi ZJ
Note that this reduces the standard deviation and thus tends to offset the in-

herently greater error in the measurement of the vertical angles.

6.3.3 Errors in the Tilt

To calculate the standard deviation in 6 and ¢ we assume that only
method A was used in their calculation. The standard deviation is assumed to
be no different if only method B was used or if both methods were used.

If the coordinates of a surface mark (xs,ys,zs) have not already been calculated
we must therefore substitute some values so that we can estimate o and Oy
To do this we translate the coordinates (xo,yo,zo) of the top of the stake a

distance R' down the stake by the relations
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x = x = R' egin 0 cos ¢
8 (o]
= - nt
ys = yo R!' gin 0 sin ¢ (55)
8 = g _=R' cos ©
] o

where R’ 1is taken as positive down the stake.

1f the stake appeared to be vertical at one TP, the surface mark at the
other TP is used for R'. If the stake appeared to be vertical from both TP's
then R' {s set equal to the distance from the top of the stake to the glacier
surface. |

Using equations 15 to e#aldate the partial derivatives of & and ¢ with

respect to each of =z, ¥y, 3., T Yy and z_ and substituting into (47) we

get
2 o - 2 242 4+ (y —u 1202 + vt(z -3 )2¢2
% T 2(1mv?)2(z -5 ) [(xo*"s) 0+ Woyg)ioy + viiaga,) °z]
0O B (57)
2 - 2 2,2 2
g = o + ¢
| ' (1+u2)2(xo-cs)2[ * y]
where
y o= Yo =Yg
%o " % ' ' _ (58)
2 4 _, Y2112
A\ [(zo-ms) & (yO yB) ]
B, = B

The standard deviations of (zs,ys,zs) have been assumed equal to those of

(xo,yo,zo) respectively. These equations have a number of singularity points,
for which separate equations have to be developed. The results are:

024.02

x Y 3 O ¢ arbitrary

(2 -5)?

(59a)

>N

=z : o
ToTgr Yo ¥s
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x =T oi = _2—-2-ai 39, from (57) (59b)
; (y,y,)
202
z =2 _: cg = z 3 o, from (57) (59c¢)

(zoaws )2 + (yo-ys )2

6.3.4 Errore in the Bend

The errors in the bend of a stake are much harder to calculate due to the
cumbersome set of equations. Furthermore, they are probably meaningless since
the assumption of a circular arc tangent to the adjacent segments is 1ike1y to
introduce a greater error. It was felt that it would be more realistic to es-
timate 1imits to the bend by assuming first that all of it was concentrated at
R, (that is, the stake had a "kink" at that point) and then, second, that it

1
was all concentrated at R, (Figure 73).

. “gsmz 1“2)

a
junn

Figure 73. The caleulation of the errore in the bend of a stake. The
error is estimated by assuming that, instead of having a smooth circular
bend (solid line), the stake has a eharp "kink" in it, first at Ry and
then at R, (dashed lines).
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The notation is the same as used earlier to calculate the bend corrections
(Figure 65). Since |PR,| = |gR,| = |R, - R |, triangle PQR, 1is isosceles,

with a base angle

Rl 3
v o= 3 (60)

We define the errors (ex,ey_,ez) as one half the magnitude of the components of

the vector pPg:

- 1

e, = |RIZ

ey = IRIZ | (61)
- n

ez = I.P_Q.lz

where (.Z,m’n) are the direction cosines of the vector pg, and

sin T 62
gl = |R2 'Rll sin ¥ (62)

If (z,4,8) are the direction cosines of the plane of the paper (in Figure 73)

then

IL+mM+nl = 0O (63)
We also require

s = (64)

cos y = ZZl+m1+rml _
and

cos ¢ = 112+m +nn_ (65)

2 2

The so'lut'ion.of (63), (64) and (65) is
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| = (cos zp)[M(n1 - ny) + N(m,, - ml)] )
AL + uM + N
m (cos W)(nz - nl) + ul L (66)
- .
" (cos w)(ml - m2) + vl

A

where (),u,v) are given by equations 34. (Z,M,¥) are found by solving the

equations

le + mIM +nKF = 0

bl
L +mM+nf = 0 (67)
I2 + M2 + §2 = 1

The solution is
-172 X
2
2= |2 (@) o (o)
ny By

M =(¥;-)L P(ﬁs)
N = - le + mIM

n ’

6.4 THE REDUCTION PROGRAM AND THE RESULTS

. Approximately 25,000 angles were measured in the course of this study,
each to the nearest second of arc; The shear volume of data, plus the need
for accurate and complex calculations, required the use of a high-speed digital
computer. A FORTRAN program was written to perform all the computations

outlined in the preceding sections, using as input the measurements directly
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from the field note books.

On the normal movement surveys the direct and inverted readings were not
checked for agreement in the field. Faulty reading of the theodolite scale,
commonly a 10' error with a Kern theodolite, could easily be detected later and
the reading corrected, because usually two points on the stake were measured,
one of which was bound to be correct. In cases where only one point was mea-
sured, caltulation of the coordinates and comparison with {ts position on ﬁd:ja-
cent surveys usually enabled the correct reading to be ascertained. The pro-
gram printed out A% and AV (equatfons 4) as an aid to locating these errors.
It 1s felt that virtually all faulty readings were properly corrected, provided
AH or AV was greater than 1 or 2 minutes of arc. Errors less than this
usually do not change the Qeloéity values by much and,_ at any rate, they would
probably not be detected in the field anyway.

The difference in = values (Az, equation 14), the horizontal distances
(ati and dJ. equa’:t_ions 6), and the stake angle (x, equation 9) were a1§o print-
ed out to help find survey errors and weak triangles (small «). Details of
the tilt calculations, such as the quantity »’ - R’ (p. 172) and the individ-
ual tilt values from the two methods (A and B), enab1ed errors in the sightings
to the surface mark to be spotted.

The need to allow for missing data complicated the cod‘ing considerably, as
did three other circumstances:

(a) As the surface lev;'l {ncreases, bend corrections can be calculated
simply using the tilt and surface level on the previous survey. However, when
the-surface level is decreasing, the complete shape of the stake obtained
throughout the winter mﬁst be specified, since the surface level could easily
by-pass comp.'lete segrénts of the stake. This was a messy storage and coding
prob'lem . :
~ (b) When some of the stakes melted out in the summer they were found to
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have very sharp bends, or "kinks". The point of the kink was always surveyed
so that the correct tilt and bend corrections could be calculated. This had
to be allowed for in the programming. Sometimes three or four kinks were mea-
sured on a single stake.

(c) During the second year many stakes were often surveyed from three or
occasionally four triangulation points. This means that three or six trian-
gles, respectively, could be formed. A1l the calculations were done for each
possible triangle. The coordinates are weighted according to their respective

standard deviations (equations 13) and then averaged, for example,

>
Ve Tx
z = == % (69)
> v
k=1 k
G2 g2 eeess g2
-6?( = J:fl. :2 X (70)

2%

where the summation is over the k possible triangles. This weighting pro-
cedure éutomatica11y eliminates "bad" triangles provided more than two TP's
are occupied. The only time when the stake angle became small enough to cause
appreciable error occurred when stake C8 passed the T1ine between TP-3 and TP-8.
Fortunately, the stake was a1solsurveyed from TP-10 and TP-9 so no points had
to be eliminated solely because of a "weak" triangle.

Figure 74 shows the trajectories of all stakes measured. The individual
points are not marked as it would have made the plot incomprehensible. Gaps
The

in the trajectories occur whenever a stake was redrilled or shifted.

point used in the plotting is the "surface point", defined as the point where
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the stake enters the surface. Consequently the trajectories are not always
smooth. The irregularities are caused by the tilting and bending of the stake
and demonstrate the need for the elaborate reductions developed here.

Appendix B shows the tilt (6,¢) of the centerline stakes as a function of
time. The general increase of tilt in the fall and winter, followed by a de-
crease in the spring and summer, is apparent. From mid-summer to mid-fall no

bend corrections are needed as the tilt changes very little.

Table 12 gives the mean errors in the coordinates and tilts of the center-
line stakes. The errors are greatest with the uppermost stakes since these
involve the Tongest sightings and relatively small stake angles (20-30°).
oy is generally greater than o, as expected.

. In summary, the position of a stake is known to about 3 cm horizontally
and 2 cm vertically. Its tilt is known to approkimate]y £2° in o and 212°

in ¢.

6.5 THE VELOCITY CALCULATIONS
- The surface speed'of the glacier is defined as the time rate of change of

the position vector r of a parcel of ice at the g}acier'surface:

s = ‘Dz (n)
Dt

2) are the coordinates of a given point on the stake

on two different surveys, then

e = [(’2 - 202+ (y, -y )%+ (5, - "’1)2]1/2 (72)
t,-%Hh

is the finite difference approximation to (). t2 -t is the time interval

between the two surveys. The speed & 1s assumed valid for a point (x,¥,2;t)
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midway between the two data points (xl,yl,zl, tl): and (32,y2,32,t2):

z = B % 7 = ¥1*¥ ]
2 2
(73)
z = 215 T = 5ttt
2 2

The problem is ensuring that the two points (xl,yl,zl) and (za,ya, 32) actually
represent the same parcel of glacier fce. Since the stakes used in this study
have sections added or removed, undergo changes in tilt, and become bent during
the winter, this problem is not trivial. The bottom of the stake presumably
moves with the fce and so the obvious approach is to reduce the measurements

to this point before applying the above equations. We now discuss this pro-
cedure and show how it proved to be unsatisfactory.’ '

6.5.1 Correcting the Coordinates to the Bottom of the Stake
In correcting the measured coordinates of a point on a stake to the bottom

of the stake, four degrees of refinement can be used: -

1. No correction. The stake is assumed to undergo no changes in length,
tilt or shape. The measured point (x m’ym’“m) can then be taken as the bottom
point. '

11. Correction for change in length.  The stake is allowed to have sec-
tions added or subtracted, but it cannot change tilt or shape. = The bottom

point 1is then_(z#,ym,zﬁ-ﬁm).

111. Correction for change in tilt.
changes in length and tilt, but not shape. The bottom point is then given by

The stake is allowed to undergo

equations 39, with bx ='by = z,z = 0.
1V. .Correction for change in shape. The stake 1s allowed to undergo
changes in length, tilt and shape. The bottom point is then given by (39)-(40).
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Each of the above corrections contains the preceding correction as a sub-
set, since the information necessary to calculate a particular correction can
also be used to calculate the preceding one, Because correction II is obvi-
ously necessary, and simple to apply, we shall not discuss situation I further.

Reference has been made to a “"measured point", (£ ,¥;.2;). In many cases
a point closer to the surface than the top of the stake was surveyed from at
least two TP's (corresponding to the times when method A of calculating the
tilt could be used). Such a point is more suitable for calculating the velo-
city since the errors in the tilt do not amplify the errors in the coordinates
as much when the above corrections are applied. These errors increase as they
are "translated" along the stake, and thus they are kept to a minimum if we
start from a point as close to the surface as possible.  From now on we refer
to this as the "measured point", Ggm,ym,zm), defining it as the point closest
to the surface which was observed from at least two triangulation points. Its
distance from the bottom of the stake is denoted by R.. If such a point
exists, distinct from the top of the stake (xo?yb’zo)' then we assume the equi-
valence (xo,yo,;o,ﬁb) - (szymwszﬂm) to be -understood in any appropriate
equations, for example, equations (39). The "measured point" is identical to
the “surface mark" Czs,ys,zs) only when the surface mark was observed from at
least two TP's.

The above corrections were applied to each of the centerline stakes and

velocities calculated. Appendix C shows, for selected stakes, the effect of

corrections III and IV relative to correction II. The results are not very

encouraging; in many cases the scatter is increased when the cerrections are

applied. Consequently a new method of reduction, called the "flex method",

was developed.
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6.5.2 The Flex Method

The reason that even the most refined of the above corrections does not
seem to give very good results probably is that the bend corrections are cumu-
lative quantities. The stakes at the end of the winter could be up to 1Zm
long and could consist of up to 7 bent segments, as well as two straight seg-
ments at the top and bottom. Each of these segments is subject to error, both
the error of measurement and the unknown error in assuming the bends are smooth
and circular. These errors could eventually produce a model of the stake which
is completely unrealistic. It is entirely conceivable, in fact, that the re-
sults could be worse than if no correction for change in shape had been made.

It would be better, therefore, to choose the "fixed point" (the point fixed
to a parcel of ice) as close as possible to the measured point so that the er-

rors in calculating the position of the fixed point can be kept to 2 minimum.

.Any point on the stake can be used as a fixed point, provided it is at or below

the surface on both surveys. The best point to use is the lower of the two
surface points. A bend correction would then have to be calculated only for
that part of the stake between the two surface pofnts. In effect we are as-
suming that the change in tilt of the part of the stake exposed above the sur-
face is real and due to a smooth circular bending of the stake between the two
surveys (Figure 75).

This method is known as the "flex method”; it is simply an alternate way
of doing the bend corrections. The measured points, le and Rmz, are first
reduced to their respective surface points, Rl and R2, by using the measured
tilt values (el,¢2) and (913¢2), and equations 56. The coordinates of the
point P with respect to R, are found using equations 33-37 and the displace-

ment of P from R is then used to calculate the movement.

Appendix C shows the results of using this method for the same stakes used

to i1lustrate the previous correction methods. The decrease in the scatter is

A T
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Figure 7§. The caleulation of the velocity of a stake using the flex
me thod. '

now quite noticeable.

Four important facts must be emphasized about this method: (a) It is
not necessary, for velocity calculations, to compute bend corfections when doing
the original coordinate calculations. Only the tilt values are needed.  How-
ever, the bend corrections are required for a proper analysis of the accumula-
tion and ablation (chapter 9). (b) The velocity vector usually refers to a

different parcel of ice for each particular set of surveys, since the surface

level generally varies from one survey to the next. Thus it would be difficult

to interpret the slopes of (z,¢) curves as velocities. (c) Any change of

tilt, no matter how small, is always treated as real and the stake allowed to

"Flex". When the glacier surface is ice it is doubtful that changes in tilt

are due to a bending of the stake in the ice, or even, for that matter, that the

changes in tilt are real. However, the changes are very small under these
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circumstances and any error introduced by applying this method is negligible.
(d) The method optimizes the available data. The coordinates are adjusted
over the shortest possible distance and so errors are minimized. Furthermore,
uniike correction method IV, the estimate of the bend error is much more real-
istic since we deal with only one seément rather than several.

Once the two points (zl,ylle) and (zz,ye,zz) are known the velocity vec-
tor can be calculated. The components of this vector can be either rectangu-

tar (u,v,v):

u = 277
t, =t

v = Y27 Y (74)
t,-%

w s 22”2
t, = t,

2

or spherical (s,5,y), where the speed & 1is given by (72), the dip & by

§ = tan ! Y ' (75)
. (u2 + v2)12 |

and the azimuth vy by

s tan—l(ﬂ? (76)

u

This study will be concerned 6n1y with the distribution of the speed ¢ in

1

time and space. The units chesen for g are M d~' , simply for the conveni-

ence of not requiring a decimal place.
One final point should be mentioned. Speeds can only be calculated be-
tween two surveys if the stake has not been shifted during the intervening time.

g T ——
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If the stake was redrilled, however, a correction can be made to one of the

points and the true movement found.

6.5.3 Filtering and Smoothing of the Data

It is well known that the velocity of a glacier depends upon the time in-
terval of observation (p. 24). The data should be "filtered" to eliminate
the inherent large noise in observations done with short time intervals. All
survey pairs with time intervals less than 15 days were eliminated. Other
Tow end cutoffs were tried (0, 10, 20 and 30 days) but 15 days gave a good bal-

ance between too large a scatter and too many gaps in the data. - Those with

" intervals greater than 90 days were also eliminated because the interval was

spanning more than one quarter of the seasonal cycle.

Rather than calculating n velocity values from n+l successive measure-
ments of the position, all possible survey combinations whose time interval was
in the allowed range (15-90 days) were used . This increases the number of
points on the velocity curves and has the effect of "smoothing" the data. It
alsé minimizes any erroneous effects which might be caused by a fortuitous
choice of survey combinations. Since the largest possible number of different

time jntervals is used, the effect of any one particular interval is reduced.

iThe velocity curves should thus be as unbiased as they can be. It should,

“however, be kept in mind that the number of points shown on the velocity curves

does not represent the number of measurements. More rigorous filtering and

- smoothing techniques are not justified due to an insufficient number of data

' :points distributed unevenly over an insufficient number of cycles.

. The effect of this technique is shown in Appendik C. Many of the points

which deviated considerably from the mean curve are eliminated and the scatter

# Each survey combination was also checked to make sure that the stake was not
shifted in the intervening time.
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s reduced still further. Theseggurves also show two more adjustments to the
data, to be discussed later: .coﬁ¥ections for transverse velocity gradients
(section 6.5.6) and elimination oféfau1ty points (section 6.5.8).

Table 13 summarizes all reduction techniques which were applied to the
coordinate data to give velocities. The "scatter” for a particular stake is

defined as

o
g2 121 Lez,) - ol ). (77)

n-1

where e(ti) is the actual velocity at the time of the 3B

survey combina-
tion and Elti) is the corresponding velocity value on the mean curve through
the points‘(Appendix C). = 1{s the total number of survey combinations.

The failure of correction methods III and IV and the success of the flex
method to reduce the overall scatter is clear. Rejecting all time intervals

Tess than 15 days also produces a pronounced decrease in the scatter.

6.5.4 Error Analysts

Given Ops Oy Ops Ogo and o, We wish to calculate tﬁe standard deviation
in the velocity components. First the error in each of the fixed points must
be calculated. This consists of one or two parts: (a) the error in reducing
the coordinates along a straight segment, and (b) the error in reducing the
coordinates along any bent segments. The first is found by applying equation

41 to equations 56:

02 = (Ry - R)?(cos2g cos2y o + sine sin2 o'g) + 02

‘ m

2 . - P)2(epa2 24 o2 4 sin2 2, 02 4+ g2 79
oF 1B (Rm R)?(cos?8 sin?¢ of + sin“@ cos®¢ c¢) cym (79)
2 = - 2 2 2 2

o2 (Rm R)%(sin e)ae + o2

m
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(x,y,5) is the surface point, h%ryhfzm) is the measured point and (Rm - R) is

the distance between the two.

6.3.4). The quantities R and R are assumed to have no error.

The errors in ‘the velocity components (u,v,w} or (s,8,y) are then found

by applying (41) to equations 72, 74, 75 and 76:

o2
u

g N

o2
Y

u?02 + v202 + w202
u v

o2 + g2

2 X
(£, - 2,)?

Yo V3 ' (79)

(t, - tl)z

w

82

2.2 4 192022 2 2y2.2
uw o2 + 2w o2 + (u2 + v2) o2 (80)

8% (u2 + v2)

0252 + u2¢2
u v

(u2 + p2)2

The times t, and t, have negligible error. On almost all surveys, the

stakes were observed in the same sequence and the TP's were occupied in the

same order.

at least to first order.

Hence the mean time of a survey should apply to each stake as well,

of sequence would be about 2 hours in 15 days, or about 0.7 %-

The second part is estimated as before (section

The maximum effect of the stakes being observed out
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Table 14 gives the mean errors in the ve1oc1t¥ components of the centeriine
stakes. Because tﬁe coordinates are least reliable with the uppermost stakes,
so is the speed &. The direction of the velocity vector (&,y), on the other
hand, 1s known more accurately in this area since the ice is flowing much fast-
er. The overall accuracy of the velocity measurements is approximately
+3m d”) in the speed and +1° in the direction..

Time {ntervals in the-range of 30-60 days are considered to be the most
representative of seasonal variations. Velocities measured over time inter-
vals toward the ends of the allowed range (15-90 days) probably exhibit fluc-
tuations different from those in the middle of the range. To allow for this,
all error bars in Appendix C have been increased in length inversely with the

weighting function shown in Figure 76.

Mean error in velocity components

Stake n . g s o

c1 95 1.3+ 0.8 1.0+ 0.2 1.3% 0.8
c2 112 3.1 5.6 2.4+ 3.7 2.1 2.8
c3 103 3.8 5.4 2.6 3.3 2.5% 3.0
c4 99 1.4+ 1.3 1.1+ 0.9 1.0 £ 0.9
C5 112 1.7¢ 1.8 1.0+ 1.2 0.8¢ 0.6
c7 98 1.7 1.7 0.9 1.2 1.0 0.9
c8 80 7.6 £ 21.5 2.8 B.6 2.7% 4.5
¢9 131 1.7 1.4 0.5 0.1 0.8% 0.5
c10 78 1.6 1.0 0.5 0.1 0.8 0.4
th 124 1.6 £ 1.2 1.2 1.5 0.8¢ 0.5
ci2 94 1.6 £ 1.0 0.7t 0.5 0.7 ¢ 0.3
c13 116 1.6 ¢ 1.1 0.8 0.7 0.8 0.4
cl4 70 2.4+ 1.7 0.8+ 0.6 0.7 £ 0.2
C15 104 2.1+ 3.4 0.7 £ 0.6 0.6 0.3
C16 53 2.0 1.3 0.6 + 0.2 0.6 * 0.2
C17 94 2.4 £ 1.6 0.6 * 0.2 0.6 0.2
c18 95 2.9+ 1.8 0.6 £ 0.2 0.6 £ 0.2
€19 98 3.5+ 2.4 0.7 ¢ 0.3 0.7 £ 0.3
C20 96 4.7 + 3.2 0.7 £ 0.5 0.7 £ 0.5

Means: 97 2.3 % 3.1 1.1 1.3 1.1 ¢ 0.9

Table 14. Summary of the mean errors in the velocity componente of the cen-
terline stakes. Ervore in the speed & are in mm d-1 and errors in the di-
rection (6,y) are in degrees. n i8 the total number.of survey combﬁnattons
for each stake which have time intervale in the allowed range and which were
not found to be faulty. 08 was excluded from the final means (see p. 200).
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Figure 76. The fumction used to weight the veloeity error
bare (Appendix C). :

6.5.5 The Spatial Variations in the Velocity Field

The surface speed of the glacier determined at a fixed point in time as a
function of z and y {is referred to as the "spatial velocity field". It
was determined in May 1970 by supplementing the regular 25 metal stakes with €8
wooden ones. These were 3 m long, 25 mm square, and were driven into the
spring snow by hand. They were arranged in 10 transverse profiles, with a
spacing.of about 80 m on each profile.

A1l stakes were surveyed over a 30 day time interval. No tilts were mea-
sured for the wood stakgs and their velocities were calculated using method 1.
Several stakes on the lowermost profile had to be rejected because the large
§b1ation here caused appreciable changes of tilt. The metal stakes were re-
duced using the flex method. The results are showﬁ in Figure 77. The velo-
city field correlates well with the ice thickness and surface slope, as expected.

Unfortunately, the longitudinal resolution of this field 1s no greater than
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that of the regular movement stakes. Thus, one year later, in May 1971, a
line of 75 wood stakes, spaced approximately 30 m apart, was placed down the
middle of the glacier and surveyed and reduced as described aBove. Three
surveys were made of each stake: May 7 and 9, June 6 and 9, and July 15 and
20. The third survey was possible because bad weather reduced melting of the
snow and it was possible to reset the stakes on July 1 in the same holes with-
changing their tilt. Appropriate corrections were made to the coordinates
obtained on the third survey.

.Since these stakes were p]aﬁed a year after all previous stakes had been
removed it was difficult to keep them close to the centerline (Figure 77) and
so corrections for transverse velocity gradients were applied (section 6.5.6).
The longitudinal velocity profiles, reduced to the centerline, are shown in
Figure 78. Very pronounced variations with distanqe along the glacier are
evident. These variations remain fixed in space and are caused by topographic
features of the bedrock. The crossing of the velocity profiles is very sug-
‘gestive of a "seasonal wave" moving down the glacier, as found on the Hinter-
eisferner (p. 16 and 28). . |

The surface slope, the relative elevation changes and the longitudinal
strain rate were also calculated (Figures 79, 80 and 8I respectively). The
surface slopes were calculated between each adjacent pair of stakes and so they
are averages over approximately 30 m.  Maxima and minima 1n the elevation
changes correspond well with maxima and minima in the surface slope but the
maxima and minima in the strain rate appear to occur approximately one ice
thickness further down-glacier than the maxima and minima {n the surface slope.

The surface elevation profile along the line of stakes is compared to the
surface and bed profiles along the centerline in Figure 106 (p. 282). Even
if the Nisqually Glacier were in equilibrium the surface profiles would not

agree exactly because (a) the stakes deviate from the centerline by as much as
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50 m and (b) the stake profile is at the beginning of the melt season whereas
the 1966 surface profile is near the end. However, these reasons probably
cannot account for all the differences and there does appear to be an overall
thickening in the upper part and an overall thinniﬁg in the lower part.

The presence of large variations in velocity in a relatively short distance
has important consequences. The measurements of velocities on a glacier sur-
face must be detailed enough to ensure that such variatfons are not affecting
the correct interpretation of the data. Time variations, for example, could
be simply spatial variations caused by the stake moving into a region of higher

velocity.

6.5.6 Corrections for Transverse Velocity Gradients

We wish to examine the surface speed as a function of time and distance
a1ong:ihe glacier. Thé dependence of & on Uy, evident in Figure 77, must
therefore be eliminated. Two steps are necessary: (a) The coordinates of
the point (x,y) must be transformed to a curvilinear system (x',y'), where =z’
runs down the centerline of the glacier and y” is everywhere perpendicular to
' Both z' and y' are still horizontal, the =z coordinate remaining
unchanged. (b) A correétion must be applied to the speed so that it approxi-
mates the value that would have been found if the stake had been located at
y'.= 0. | .
. The first step can only be done uniquely if the X' axis has a sufficiently
small curvature that the point (z,y) l1es within its radius of curvature. The
following algorithm was devgloped to perform the transformation under this
condition: '

(a) The X' axis was determined by drawing a smooth curve along the line
of maximum velocity in Figure 77, keeping it as close as possible to the center-

line stakes. The coordinates of 72 point§ (XJ,IJ) spaced about every 40 m
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were read from this drawing. The X' axis is then defined as the line obtained
by quadratic interpolation in this set of numbers. Y' 1is perpendicular to
this curve, positive to the east. .

(b) To determine (z’,y') from a given (x,y) the point (XJ,YJ) which is
closest to (x,y) is located (Figure 82) and a quadratic

y = 6'3:2 + O+ (A : (81)

is fitted between the points J-1, J§ and J+1.

(c) The point (= ) on this quadratic closest to (z,y) is found by

1291
. %*
solving the cubic equation

2.3 - 2 ' - 7)) = N
2c%x3 + 3036'2.-% + [203(01 y) + C3+ 1), + [, (0 y) - x] 0
(82)

for the real root. y is found by substitution in (81).
(d) =z' 'is then defined as:

2t = a o+ [(x - 2)? (7 - y)?2]2
k
+ ;[(xi - Xi-l)z + (Yi - Ii_l)Z]I/Z (83)

where xé js some arbitrary zero point (chosen in this case so that z' =y' =
0O at z =23700m, y = 1570 m), and where k =3 if (ml,yl) lies after (xj,yj)
and k = j-1 if (xl,yl) lies before (XJ,IJ).

(e) Finally, y' 1s defined as:

y' = 21l -=z)2 + g - 3,)? P (84)

* Obteined by minimizing the distence fram (zr,y;) to (z ,y )-
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AY
Curvilinear 7~
axis “\7,
7
/
X
==
Pigure 82. The calculation of the curvilinear coordinates

(z',y') of a point P.

where 7 =+1 if kx=3-1 and 7 =-1 if kx = j. The sign is determined
by rotating the vector @S into the vector ‘gP (+ anticlockwise, - clockwise),

and is given by
ssgally - 9)(%, - 2)) = (7, = y))(= - )] (85)

(f) Special cases have to be allowed for where (a) (xz,y) coincides with
one of the axis points (xj,yJ). (b) the three points 3-1, J and J+1 define
a straight line, and (c) (z,y) is equidistant from two points on the axis
(but not three, which is not allowed).

This coordinate transformation is only intended to give values of z' and
| y’ to within the nearest 0.1 m. This is entirely adequate for analysis of
the velocity field provided gradients are not calculated. These should be ob-

tained using the original coordinates, otherwise artificial errors will be intro-

duced.
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This X' axis defines precisely the glacier "centerline" which has been re-
ferred to many times in the preceding pages. It was indicated in Figure 27
and on the overlay in the rear pocket.

Once the value of y' 1s known the speed may be corrected to y' = 0,

provided the transverse velocity gradient as/3y’ is also known:

e'(z’,t) = slz',y',t) - &lz',y',t) (86)
where
. y'
sg(z',y’,t) = ealz',y',t) - s(c’,0,t) = fii_(-‘!?',y",t)dy" (87)
ayﬂ -
0

Ideally 5s/3y' shouid be measured on each survey. However, this was not
done. Instead the transverse velocity gradients are assumed to be independent
of time and given by the spatial velocity field of May 1970. A table of cor-
rections As(z',y') was taken directly from the transverse velocity profiles
in Figure 77, without having to perform the integration of equation 87. Values
were tabulated at each =z’ corresponding to one of the profiles and at incre-
ments in y’ of 20 m between -100 m and +100 m on each profile. Two dimension-
al quadratic interpolation in this table is used to obtain 4s for a particu-
lar (z',y'). _

The curvilinear coordinate y' for the centerline stakes ranged from
-58 m to +39 m with a mean absolute value of about 10 m.  The corrections as
ranged from -6 mm a1 to 17 mm d- with a mean absolute value of 1.7 mm !
(Table 13). Since the stakes were maintained close to the centerline, where
the transverse gfadients are sma11*, the corrections only decrease the scatter
of the velocity points by 1 .  The corrections are almost never greater than
the experimental error and their effect on the shape of the velocity curves is

®* Figure 77 shows that the Nisqually Glacier moves with the "plug-flow" typical
of glaciers in their central portioms.
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not significant (Appendix C shows their effect for stake C7, which has the
largest absolute value of |As|). Any variations with time are undoubtedly

much smaller.

6.5.7 Corrections for Longitudinal Velocity Gradients

The longitudinal position of a stake varied as much as 150 m (Figure 74).
It is clear from Figure 78 that this could, unlike the transverse gradients,
have a very sighificant effect on the measured speed, particularly with the
uppermost stakes. We must therefore correct the values of g'(z',t) to fixed

values zé for each stake:

sé(:cé,t) = g'(z',t) - As' (', 1) (88)
where
x"'
st (z',t) = s8'(z',t) -&'(x',t) = [33'(a=’f,t)dx" (89)
xl
o

Following the same procedure as before, we would assume the Tongitudinal
velocity gradients to be independent of time anq then use the data from the
longitudinal velocity profile measured in May 1971. However, initial examina-
tion of the velocity results showed that large relative changes in the velo-
cities occurred over the two year period of measurements. The velocity profile
of May 1971 differs considerably from that of November 1968 (see Appendix C and
Figure 126, p. 317).

Ideally, therefore, one would use the actual data to establish a longitu-
dinal velocity profile at each point in time. However, the stakes are usually
much too sparsely spaced in z’ for such a direct approach and so the following
iterative scheme was used. The time variation of velocity s'(ti) was plotted
for each ;take and mean (smooth) curves s'(t) were drawn by eye through the

points. Gaps in the data were interpolated by using information from nearby
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stakes. Values of &' were then read from the mean curves at fixed points 1in
time t,- The mean position of each stake (over the two years) was used for
m&, and the mid-point of each month was used for t,- We thus have a table of
© 3" at fixed values of =’ and t. This table was computer-contoured and
minor adjustments were made in the interpolated regions by smoothing the con-
_ tours by eye, simultaneously in both the time and distance coordinates.
Two-dimensional quadratic interpolation in this table was then used to cal-
culate first approximations to as’(z',t) for éach of the original data points.
The corrected points e;(ti) were then replotted as functions of time and mean
curves again drawn. The process can then be repeated as often as desired.
HoWever, the initial corrections obtained were small enough that only one iter-
ation was considered jusfifiéd. Tﬁe final result, mean curves Ez(t) for

each stake, gives the velocity variation at points 'zé fixed in space.

6.5.8 Elimination of Faulty Data Pointe

Thé search for errors in the original coordinate calculations only caught
the more obvious surveying mistakes. The velocity data jtself can be used to
eliminate additional points. Because all possible survey combinations were
used, an error on one particular survey appears in a group of points. The
eé(ti) plots for each stake were examined closely for groups of points which
appeared to 1ie away from the main trend and which all had one survey in common.
The original field notes, the survey reductions and the velocity calculations
for this survey were then ekamined closely to see if there was a reason for the
error.

Longitudinal velocity profiles 3'(z{) for each survey combinatjon were
also plotted and were used in a similar way to search for errors. There were

far fewer points per survey combination, so all survey combinations within a

three month period were plotted on one graph. When the points were connected
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with straight lines this was a very effective means of detecting errors.

In many cases the mistake could be corrected. If there was a satisfac-
tory explanation for the error, but it could not be corrected, then the points
were eliminated. If no obvious mistake or explanation could be found the
points were considered real and were retained.

Typical errors were as follows:

(a) Keypunching errors. These could always be corrected.

(b) Errors in reading the surface level through the theodolite. These
could usually be corrected by comparison with other measurements, especially
since the error was usually a multiple of 0.5 m.

(c) Errors caused by observing the wrong stake. This occasionally happen-
ed with the upper stakes, when more than one was visible at the same time with
the theodolite. Usually the correct stake could be inferred and the calcula-
tions corrected. = Only on one or two occasions were points eliminated.

(d) Errors caused by faulty tilt values, manifest either as a large differ-
ence between the values calculated by the two methods (A or B) or as a value
‘markedly different from those obtained on adjacent surveys. Sometimes a new
value interpolated from other surveys would correct the error. |

(e) Errors caused by large changes in the tilt when the stake was falling
over as it melted out, generally when there was less than 0.5 m left below the
SUrféce. then~the previous surface level was much higher on the stake, the
flex method would yield a false value for the velocity. On the other hand, if
the previous surface level was not much different then the stake wou]d be. flexed
over too short a distance to have-a significant effect. Usually a more realis-
tic velocity could be calculated by using method III instead (cdrrections for
changes in length and tilt only). The flex method is valid only when the change
" of ti1t is actually due to bending of the stake. |

(f) Errors caused by the tilt not being measured, for example, when less
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than 0.5 m was exposed. When this happened the program would automatically

use method II ihstead (corrections for changes in length only). If the tilt
had not changed much since the previous survey the velocity value would usually
be acceptable, but if it had changed considerably then a significant error could
be introduced. Invariably such points had to be eliminated; only rarely was
it possible to substitute a reliable value for the tilt.

(g) Errors caused by a very short time interval (approaching the lower lim-
it of 15 days), coupled with a suspicion that one or more of the above errors
might be present. The effect of the error would be amplified by the short
time interval. Such points were eliminated if their presence made a marked
change to the velocity curve; otherwise they were retained.

These errors‘have been described here because the elimination or correction
of such points resulted in a further decrease in the scatter of the data points
(Table 13 and Appendix €). The tracking down of the individual errors and at-
tempting to correct them was a long and tedious process but the results were
worth it. The average scatter of the final data points from the mean Eg(t)

curves was reduced by 57 % from the original uncorrected values.

6.5.9 The Final Velocity Field: a(z,t)

The measured surface speed sé(ti) for each centerline stake is given in
Appendix C. The values are corrected for transverse and longitudinal velocity
gradients to the point (z' = xé, y' = 0) for each stake. The error bars are
weighted according to the time interval (section 6.5.4). The mean curve
EZ(t) drawn through the data points represents the results of the iterative
smoothing technique described in the previous section.

Figure 83 shows a contour plot of E;(x',t)f This was computer-contoured
from the final grid of corrected velocity values E;(zé,to), which, for conveni-

ence, will be denoted by 8y from now on. The index < fis understood to
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range over 24 values of ¢ (the mid-month times, to) and the index J over
19 values of x=' (the aQerage curvi1inear x coordinate of each stake, xé).
This 24 x 19 grid is referred to as the “"standard grid".

For clarity the data points are not indicated on this plot. Instead the
transparent overlay form of Figure 61 (in rear pocket) can be used. Velocity
data points exist only along the solid lines; the gaps indicate (a) a time in-
terval greater than 90 days, (b) a shift of the stake, or (c) rejected data
points. This overlay also indicates the months of the year and the standard

‘stake positions, zé.

At the end of Appendix C are the 1ong1tud1na1 velocity profiles for each
month of the two year period. These come directly from Figure 83 and thus
represent mean, interpolated curves only. .Daté points are not indicated since
they would make the diagram too confusing; only the grid points are shown.

These ﬁata'will‘be the basis for later analysis and discussion. -However,

the surface slope and elevation changes must first be determined.
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Chapter 7

THE THICKNESS VARIATIONS

Changes in thickness and surface slope will affect the ;urface speed of a
glacier. It is necessary to see if this "loading effect" can account for ail,
or part, of the time variations in the motion. This chapter is concerned with
a discussion of the thickness variations. |

Every time a stake was surveyed, and the surface level measured, we have
a spot measurement of the surface elevation. Such measurements will never, in
general, be at the same fixed point in space, since the stakes are moving with
the ice. The analysis of the thickness variations requires data fixed in space
and 56 a correction for horizontal gradients in surface elevation, namely the
surface slopes, must be maqe.

Ideally the surface slopes would be measured on every survey and these
would be used to correct the surface elevations. Such slopes were in fact cal-
culated from the coordinates of adjacent pairs of stakes (chapter 8) but the
spatial resolution is poor longitudinally and almost non-existent transversely.
The only way to obtain detailed enough surface slopes both longitudinally and
transversely is to use the 1966 map. This assumes that the surface slopes are
independent of time or, alternately, that the rate of change of surface eleva-
tion 18 independent of poeition.

Let (”é'yé) be the curvilinear coordinates of the fixed point in space at
which the thickness variations are required and let Z, be the surface eleva-
tion of this point on fhe 1966 map. Let (z',y') be the curvilinear coordinates
of the surface point in question and let z be the measured surface elevation
| at this point. Let 2z be the corresponding surface elevation on the 1966

map. The change in thickness at (xé,yé) is then
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or simply

AR = z(z'yy') - 2Ux',y') ' (2)

Thus referring all surface elevations to the 1966 surface will correct for
both longitudinal and transverse surface slopes, provided these remained con-
stant from August 1966 to June 1970.

The reference elevation 2 s calculated by interpolation in a grid
Z(x',y') which was calculated from the digitized 1966 glacier surface (zone 1
used in the gravity reductions) as follows. First, a grid 2Z(z,y) in the
standard rectangular coordinate system was calculated by locating the intersec-
tions of each contour line with each grid line. Two values of 2 at each
grid point were then found by interpolation along each coordinate direction and
these were averaged to give the final value. Linear interpolation was used to
avoid the usual curve-fitting problems encountered when using higher degrees
of interpolation on arbitrarily spaced abscissa and abruptly varying ordinates.
A grid spacing of 20 x 20 m was used, which corresponds approximately to the
resolution of the 1966 map.

Second, the grid Zz(z',y') in the curvilinear system was created from
the grid  2z(x,y) by interpolation, using the inverse of the transformation
developed in section 6.5.6. The same grid spacing was used, but this time the
grid only covered a region of :60 m either side of the centerline, as this
adequately enclosed all stakes. From now on Z(z',y') will be referred to
as the "standard (1966) surface".

The surface elevation =z 1is calculated by reducing the measured point to
the surface point (z’,y’,z) dsing equations 6.56 and making a correction to

convert any snow layer present to ice equivalent:



The correction hc is evaluated in chapter 9 (equation 9.12).

Ak was calculated for each survey and for each centerline stake that was
surveyed. Each stake was assigned to its standard curvilinear zx coordinate
x!. The result is a grid of 24 values in =x=' and 59 values in ¢, correspond-
ing to each of the 59 surveys. However, not all grid points possess values of
AR, An interpolation scheme wés therefore developed to estimate values at
the vacant grid points. The nearest data points in each of four sectors are
located, weighted according to their distance away, and then averaged. When
the entire grid is filled it can be computer-contoured.

The results are shown in Figure 84. The interpolation scheme was tested
by independently hand-contouring the data points. Excellent agréement was ob-
tained and in fact any discrepancies were usually found on closer examination
to be due to faulty hand-contouring and not faulty interpolation.

Once this grid is obtained it is a simple matter to interpolate (linearly)
to the standard times t, and obtain a standard grid of surface elevation

changes Ahi z Ah(zé,to). The notation follows that used for the surface

J
speed, s,, (p. 226).

i
The surveying error in determining the surface elevation is a few centi-
meters. It will be shown in the next chapter that the assumption that siopes
are constant in time is probably accurate to :0.75°. Assuming the stakes are
typically 25 m from the centerline, this implies an error of about :0.4 m in
the correction for elevation gradients. Thus we assume the values of AhiJ
to be accurate to within 0.5 m. The surveying error is much less than the

inaccuracies in the slope correction.

Figure 84 shows that ak is dominated by the accumulation and ablation,

with maxima near April and minima near October. The annual thickness
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variations range from 4 to 10 m, approximately 10 % of the ice depth. Over
the two years, however, there was a net thickening of the glacier above stake
€16 and a net thinning below this point. This was suggested earlier by the

longitudinal velocity profile stakes (section 6.5.5).
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Chapter 8

THE SURFACE SLOPE VARIATIONS

Two techniques were used for calculating the surface slope variations,
both involving the same original data. The scheme ultimately used was to
simply differentiate AhiJ with respect to x'. This will be discussed later.

The other technique, alluded to earlier, is to calculate the surface slope
from the coordinates of adjacent pairs of stakes. The disadvantage of this is
that the distance over which the slope is averaged cannot be kept fixed but in-
stead is determined by the arbitrary, and somewhat haphazard, spacing of the
stakes. On the other hand we shall see that this method can be used to give

an idea of the error in the surface slope values.

8.1 CALCULATION OF SLOPES BETWEEN ADJACENT PAIRS OF STAKES
If (xl,yl,zl) and (xe,yz,zz) are the surface points of two stakes on the
same survey then the average surface slope between them is

By = By

D

(1)

o = tan”!

where

D = [(x, -z)%+ (y, - y,)21V? (2)

is the horizontal distance between the stakes. [We take a to be everywhere

positive; since the minimum surface slope of the Nisqually Glacier is several

degrees, no ambiguity results.] This value of o is assigned to a point mid
way between the two stakes and the coordinates of this point are transformed
to the curvilinear system. Note that no correction need be made for any snow

present since the layer would be approximately the same thickness and density

at each stake.
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The calculations were repeated for each survey and for each stake pair
whose separation D lay within a specified range. A range of 70-200 m was
chosen. This restricts the stakes to adjacent pairs only and eliminates anv
overlapping or accidentally close pairs. The result is a set of points
afx’,y'st).

Preliminary examination showed that the variation of o with z' was
about two orders of magnitude greater than any other variation. Thus to con-
veniently present the results it is necessary to subtract a "standard" a(zx')
curve. Such a curve was obtained by plotting all the values of o as a func-
tion of z', ignoring the variables y' and ¢ (Figure 85). A mean curve
was drawn through the points by eye and tabulated every 50 m. A point obtain-
ed by quadratic interpolation in this table is denoted by a(z').

Figure 86 shows the deviation A® = a - o plotted as a function of =z’
and t, ignoring the effect of y'’. This assumes that the transverse slope
is constant, both in time and space. The rectangular grid necessary for com-
puter-contouring was created from the data points using the interpolation
scheme described on p. 231.

In Figure 87 a has been corrected for variations with y'. The trans-
verse slope is now allowed to vary in space (but still not in time) and is ob-
tained from the standard (1966) surface. All surface elevations are corrected
back to the centerline using this surface and then the slope a (x',t) and the
deviation Aa: =a, - % from the mean are calculated.

Although practically all values of ad" and Aﬂz were less than 1°, there
were a few as high as 2 or 3°. Theﬁe high values invariably turned out not to
be real, but instead were caused by the fact that a represents an average Sur-
face slope and does not resolve the small-wavelength fluctuations which are, in

reality, present. Furthermore, the values of a are averaged over distances

this by itself will impose some "noise" to the data.

anywhere from 70 to 200 m;
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Thus it was felt justified to treat ro”  and Aa: in a statistical sense and

to apply a smoothing algorithm of the form
Tig = Fug *3sag * fia Mgt e (3)

Figures 86 and 87 were smoothed twice with this function. Also, all values
greater than 2° have been eliminated.

These diagrams demonstrate that: (a) Even with a mean a(x') subtracted
out, the dominant variation is still with z'’. The time variation during the
two years still appears to be essentially random. This probably results from
the fact that stake pairs with different separations and different physical
locations on the glacier are being used. (b) Making corrections for trans-
verse slopes appears to increase the noise in the data rather than decrease it.
This implies that the accuracy of the corrections is of the same order of mag-
nitude as the deviations themselves, which are usually only fractions of a de-
gree. Thus we shall assume the accuracy of the surface slopes to be of the
order #0.75°. This is much greater than the surveying error (at most several

centimeters over 100 m, or about 0.05°).

8.2 CALCULATION OF SLOPES BY DIFFERENTIATION OF an(z',2)

The main disadvantage of the previous method of ca]cu]ating surface slopes
is that there is 1ittle control over the averaging distance D. Differenti-
ating the ah(z',t) values with respect to =', however, allows us to specify
D uniquely. Moreover, the results will be directly related to the thickness
variations.

To do this we interpolate on the standard (1966) surface to obtain

= D - D
2, = Z(z'+5,0) and z, = Z(z'-50) (4)

&—:——-———-—.
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and in the AhiJ table to obtain

= D = D
bh, = bh(z'+3,t) and  Ah, = Obh(z'-Z,t) (5)

The surface slope is then

a(z’,t) = ten-1|%2 * 8%y - 2y - AR| - (6)

Again, we subtract out a standard aOCx') curve:

bafz',t) = alz',t) - o (z') (7)

where

o=t

D

(8)

] = -1
uo(x J tan

is obtained from the standard (1966) surface. Linear interpolation is used
throughout to avoid curve-fitting problems, and the distance D 1is reduced as
necessary to keep the points «’ + g- and z' - g' within the bounds of the
table.

The results of these calculations are two tables, AaiJ and L for
each value of D. Figures 88 and 89 show 4a for D = 75 m and 600 m respec-
tively (one and eight times the ice thickness). The corresponding o,y curves
are given later (Figure 108, p. 285). The variation in x'l again dominates
any time variation. As expected, the magnitude and the scatter of aa de-
crease as p increases. Absolute values of aq are greater than that ob-
tained with the previous method since the reference surface is now three years
old. Nevertheless, this procedure does give an overall smoother result, and
these data will be used in the analysis of the flow. We assume the accuracy

of the slopes to be the same as that estimated previously, namely +0.75°.

s
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Chapter 9

THE MASS BALANCE

The mass balance of the Nisqually Glacier was not a specific object of this
study. However, a knowledge of the snow depths was necessary for correcting
the surface elevations to "ice-equivalent" depths. For this reason the mass
balance curves of the centerline stakes were computed.  The pattern of stakes
used was intended for motion, not mass balance, studies and so no attempt will
be made to determine the net balance of the glacier.

The curves to be obtained are the vertica1 distance from the glacier sur-
face to some reference surface, as a function of time. The reference surface
js taken as the glacier surface at the end of the previous ablation season
(usually sometime in 0ctober)*; consequently it changes from one balance year
to the next. All snow depths must be converted into an equivalent depth of ice.

Before proceeding, however, we require two additional pieces of informa-

tion, the surface slopes and the snow densities.

9.1 THE SURFACE SLOPE

The surface slope is needed wﬁen the stake deviates from the vertical direc-
tion (primarily in the winter). It must be measured over distances of several
meters (the typical length of a stake), which is a much smaller scale than that
used for analysis of the motion (chapter 8). Thus it will have to be recalcu-
lated.

The standard (1966) surface Z(z,y) tabulated in the standard rectangular
coordinate system, was again used. Any errors between this surface and the
actual one are assumed to be negligible compared to the errors in determining

the tilt and bend of a stake.

s " 1"
* The peference surface is usuelly referred to as the "summer surface’ .
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To determine the slope at a point (X,Y) all grid points within (zax,+ay)
of (X,Y) are located, and each one is weighted according to its distance r,

from (Xx,Y) with a Gaussian weighting function:
= e (1)

where B 1s a constant. A plane is then fitted by 1eést-squares to the =

grid points =z, = Zﬂri,yi) by minimizing the vertical distance from the plane

i
to the points: if the plane is given by

2 = A +By+C | (2)

then the quantity

5 = [iwi(zi'miua‘yi_c)z]/[z‘iwi] (3)

i=1 i=

is minimized by requiring that

a5 _ 85 35 .
Ey N Y- B Y 0 (4)

This leads to three equations in three unknowns (4,B,C):

n n n
A w x? + B :2 wzy, + C EQ-W.x_ = j;-w x. z
=1 ii = 1i¥1 £ 11 £ 111
n n n n
A w,xz,y, + B wy: + C E Wy, = z v.y,2, (5)
;2; ii"1 & 01 i = Ui = il
n - =n n
A v,z + B :E WY + C ZS W, = ES w. 2
=1 ii = "1 01 & 06




which can be solved by standard computer subroutines The

equation of the
plane can be converted into the form

ax +by+ez+d = O (6)

by the relations

c = (1 + AZ + BZ)—I/Z

a = =cA

’ . (7)
= -c

d = -¢C

(a,b,c) are the direction cosines of the upward normal to the plane and d is
the perpendicular distance from the plane to the origin. The slope of this
plane is defined as the dip o and the azimuth w of the line in the plane

which maximizes o. These are given by

a = cos"l[—(a2 + b2)1/2] - 7/2
o - iy
These angles were calculated for each stake on each survey, given its horizon-
tal coordinates (x,y).
The parameters (Axz,Ay,8) are independent variables and were adjusted until
the slopes calculated by this procedure agreed well with values estimated di-
rectly from the map. The values used were Ar = Ay = § = 50 m. This is a

greater range than the "several meters" suggested above, the reason being the

limitation imposed by the grid spacing, 20 m, of the standard (1966) surface.
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9.2 THE SNOW DENSITY

Snow densities were never directly measured on the Nisqually Glacier:
Instead values have been taken from the standard snow coyrses measured €verY
winter in the Nisqually Valley by the U.S. Geological Survey, Tacoma, Washing-
ton (Richardson, written communication, 1972). These snow courses are sampled
at the beginning of each month from January to April with a Federal sampler,
and the mean water content of the snow pack evaluated. The snow courses are
at Paradise (elevation 1652 m, or 5420 feet), Stem Glade (1539 m, 5050 feet),
Ghost Forest (1387 m, 4550 feet), and Longmire (841 m, 2760 feet), and are in-
dicated on Figure 20. The data are shown in Figure 90 for the period of this
study.

The densities vary considerably, but Paradise almost always has the high-
est values. Since Paradise is the closest, both in distance and elevation,
to the Nisqually Glacier its Qaiues have been used. The curves have been ex-
trapolated to 0.50 Mg m3 at the beginning of the summer (June 1), to 0.55
Mg m3 at the end of the summer (September 30), and to 0.30 Mg m3 at the be-
ginning of the winter {October 1). This is based on information from snowpacks
on other glaciers in the Pacific Northwest (Meier, personal communication, 1972).

It is apparent from Figure 90 that the densities used are an upper Timit.
This maximizes the loading effect of the snowpack, something which will be de-
sirable later when analyzing the velocity data. In keeping with this, the Tow
densities measured at Paradise in February and April 1968, and February 1970,

have been eliminated and the curves interpolated as shown.

9.3 THE REFERENCE SURFACE

Before accumulation and ablation values can be calculated the location of

the reference surface relative to the stake must be defined.  When ice is ex-

posed the reference surface is above the currect surface, and either intersects
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Flaure 91. Location of the reference surface when the glacier surface
ls Zee.

Figure 92. Location of the reference surface when the glacier surface
t8 snow and the stake i straight.




T e

Pigure 93.
18 snow

Location of. the reference surface when the glacier surface
and the stake 18 bent.




or passes above the stake (Figure 91). On the other hand, when the surface

is snow, the reference surface is below the current surface and either inter-
sects or passes below the stake. In both of these cases the stake may be
either straight (Figure 92) or bent (Figure 93).

The reference surface is defined by the distance r s measured along the
direction of the bottommost segment of the stake from the bottom of the stake
B to the reference surface A, positive if A is above B and negative if A is
below B.

To determine r, the surface level R was plotted as a function of time
for each stake. Extrapolating or interpolating the curves to the end or be-
ginning of the ice melt period gives the required values, since the stakes are
then reasonably vertical. The time of the end or beginning of this period was
inferred by using one or more of the following pieces of information: (a) the
shape of the curves themselves (the maximum or minimum points), (b) the date
of transition from a snow-covered to a snow-free surface, or vice-versa (the
type of surface was always recorded), (c) the known date when snow started to
accumulate at Paradise (section 10.2), or (d) the corresponding times used for
nearby stakes.

Redrilling or resetting of the stakes did not present any problem during
the ablation season, as then the stakes do not have appreciable changes of tilt
and the curves can be extrapolated to a common point and the amount of shift
determined. However, during the second winter, when vertical alternate stakes
were used to replace stakes which had been bent over and buried in a heavy
riming storm, the differences in tilt between the two were usually toc large to
allow such a matching of curves. No measurements were made after June 4, 1970,
before ice had been exposed, and so the reference surface for the alternate
stakes could not be determined by the above methods. In this case the snow

depth was assumed to be uniform over the glacier and to be equal to an average
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of the snow depth at Paradise and the snow depths at four stakes which managed

to survive the storm. The agreement between these five values is quite good

(Table 15).

Change in
Location snow depth

c3 3.01

C4 3.01

c8 2.85

M4 2.79

Paradise 2.95

Average: 2.90

Table 15. The change in enow depth, in the vertical
direction, between Nov. 29, 1969, and Feb. 10, 1970.
All values are in meters.

| Finally, stakes C16 to C20, where ice was never exposed, are assumed to
be at the equilibrium line. The reference surface is then taken to be the

surface level observed at the end of the summer.

-%_ 9.4 CALCULATION OF THE MASS BALANCE
: Once r is known, the coordinates of point A (the intersection of the
stake with the reference surface) can be calculated with equations 6.56 using
the coordinates of point B (the bottom of the stake) and the tilt of the Tow-
ermost segment. The coordinates of B are calculated from ;he measured point
P using tilt and bend corrections where necessary. Similarly, the coordinates
of the surface point S can be calculated, using the coordinates of P and the
tilt of the uppermost segment.

A plane whose normal has direction cosines (1,m,n) is then fitted through

S, and a parallel one through A. The distance between the two planes -is

A = Z(xs - xA) + m(ys - yA) + nlzg - zA) (9)




p -

The direction cosines are calculated from the dip o« and the azimuth w of

the surface using the relations

I = sin a cos w
m = gin a sin w (]0)
n = cos a

When converted to ice equivalent and the vertical direction, we get the mass

balance:
A sec a iIf A g0
bi = (11)
A sec a(ps(t)) it 4 >0
p

where o is the density of the glacier ice (assumed to be 0.9 Mg m'3) and
p (t) 1is the density of the snow (Figure 90).
The correction to the surface elevation (used on p. 230), to allow for the

snow layer, is

0 if bi £0
= 12
hy (12)
A(sec a)(l - ps(t)> if b, >0
. P

The mass balance curves for the centerline stakes are given in Appendix B.
Error bars are not shown because they are either negligible or not known. The
error in reading the surface level with a theodolite is about :0.05 m. On the
scale of the diagrams this is less than the size of the plotting symbols. In
the summer errors in the tilt contribute 1ittle error since the stakes are near-
ly vertical. In the winter, however, uncertainty in the bend corrections might

cause errors in bi by as much as 0.5 m ice equivalent.




Chapter 10

THE RUN-OFF AND METEOROLOGICAL DATA

10.1 THE STREAM DISCHARGE MEASUREMENTS

In connection with this investigation a gaging station was established
in the spring of 1968 on the Nisqually River at the highway bridge about 1.8
km below the glacier terminus (Figure 21). The drainage area is approximate-

ly 16.1 kn®

, four times the size of the Nisqually Glacier itself. Most of
the discharge, however, comes from the glacier.

A 3.35 m length of pipe, 28 cm in diameter, is used as a stilling well.
It is encased in reinforced concrete and is bolted to a granodiorite bedrock
outcrop, against which most of the river flows at this point. A Stevens con-
tinuous recorder is mounted over the stilling well and produces an analog re-
cord of the water level in the well. The water in the well connects with the
river water via intakes only 1 cm in diameter in order to dampen the rapid
fluctuations of the turbulent water in the river.

" The water level is converted to mean daily discharges (m3 5'1) by cali-
brating the flow with discharge measurements, usually made by wading the river
and sampling depths and velocities with a Price current meter. Unfortunately
this can only be done at low flows. The channel bed changes almost continu-
ously during the high flow in the late spring and summer. Some calibrations
were made at such times using the salt-dilution technique, but nevertheless the
“stage-discharge" relation is only very approximate.

Calibrations were made as often as possible to help alleviate this problem.
Although the magnitude of the discharge may be in considerable error, the gen-
eral shape of the curve, on a monthly basis, should be reasonably correct.

For our purposes only the phase relationships with the velocity data, such as

the time of maximum and minimum discharge, are really required.
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The gaging station was built, maintained and calibrated by the Glaciology
Project Office, U.S. Geological Survey, Tacoma, Washington. The data were
kindly reduced by Richardson (written communication, 1970, 1972). Daily
values of the discharge are shown in Figure 94 for the same time period that

the glacier flow observations cover.

10.2 THE METEOROLOGICAL DATA

Figures 95 through 99 show daily meteorological parameters measured near
the Paradise Ranger Station (elevation 1676 m) by the National Park Service.
The parameters are the daily maximum and minimum temperature, the daily total
precipitation, the daily snowfall and the snow depth.

The data are based on information supplied by Bishop (written communica-

tion, 1969, 1970).
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Chapter 11

ANALYSIS OF THE DATA

11.1 THEORY

We wish to calculate the sliding velocity by removing from the measured
surface velocity the contribution from internal deformation. A theory of gla-
cier flow which relates the driving force, gravity, to the resulting deforma-
tion is required. Such theories, largely due to Nye, have been described
adequately by Paterson (1969) and Budd (1969) and only an outline will be given
here.

The stresses acting on the jce are calculated from the applied force using
the equilibrium equations and then these are related to the strain rates using
the flow law of fce. Initially the glacier is assumed to be an infinitely
wide parallel-sided slab of ice resting on a plane bed, but this will be modi-
fied to account for the effect of the valley walls and changes in slope along

the glacier.

11.1.1 Basic Definitions

The stress tensor is denoted by

-

T 0T
XX Xy Xz

T
iJ Xy YY Yz

A
~
~

Because of rotational equilibrium this 1s a symmetric tensor and has only six

independent components. Assuming infinitesimal strain, the definition of

strain rate is




(2)

€ =

13 (v 5% 23,4)

n =

I *
where V = (vl,vz,v3) is the velocity vector . This is also a symmetric

second order tensor:

13 7 %% v vz | (3)
€ € €

Because of this symmetry, the tensors possess principal stresses (01,02,03) and
principal strain rates (él’éz’é3)'-

The hydrostatic pressure is

I (4)

p = %’Tii = l__(o‘l+02+o'3) = 1

3

w=

where I, =T, is the first invariant of the stress tensor. Subtracting p

from the stress tensor we get the stress deviator tensor:

Tij = Tij - %-Tiiéij (5)

where Gij js the Kronecker delta. For a discussion of the flow law we will

use the "effective shear stress" and “"effective shear strain rate" (Nye, 1953):

= .2 . s
2 = %,rijrij and g2 = %-eijeij (6)

* The usuel indiciel notation will be used where convenient, the indices having
the values (1,2,3), corresponding to (z,y,2) respectively. Repeated indices
imply summation over that index and differentiation is indicated by & comma:

Ty = /%y
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Since these are related to the second invariants

and E

I = 2 = E14fi, (7)

[ 4 ’
2 T13%4)

of the two tensors, then t and & are also invariants of the tensors.
In turn, these are related to the octahedral shear stress and strain rate (the
values across a plane whose normal makes an equal angle with the three princi-

pal directions) by

= |2 . = [2 &
T, = \/;'r and € \/-3- € (8)

and to the stress and strain rate in uniaxial compression by

g = 3 and é=\/§=é (9)

11.1.2 Caleulation of the Stresees
In glaciers the ice deforms slowly enough that the inertial terms (accel-
erations) are negligible. Newton's equations of motion then reduce to the

equations of static equilibrium:

T, +F, =0 ‘ (10)

where F is the body force per unit volume. .

Consider the glacier to have a plane surface of slope o« and to be resting
on a plane bed parallel to the surface. Define a coordinate system with =
down the glacier, y across the glacier and 2z upward, normal to the surface
(Figure 100). If we assume the thickness & is much less than the length or

width of the glacier, and we restrict ourselves to points well in from the
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Figure 100. The model of a glacier uesed in calculating the siresses
and the sliding velocity. The thickness h <is assumed to be much
smaller than the length or width of the glacier. The effect of the
valley walle is discussed later.

edges, then all stress gradients in the = or y directions will be negligi-

ble and equations 10 will reduce to simply
T, o+ F, = 0 (1)

Furthermore, the only non-zero component of the stress deviator tensor will be

T Thus, substituting (4) and (5) and writing

Fi = pgy (12)

for the body forces, we are left with the two equations
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3T;cz - E + pgsina = 0 (13)

93 oKX
-Ezi-pgcosa = 0 (14)

9z

Integrating (14) gives
P = pgas cos a (15)

since the hydrostatic pressure at the surface is zero (neglecting atmospheric

pressure). Thus dp/az 1is zero and (13) can be integrated to give
= - i ]G
'r]'cz pg(h - 2)sin o (16)
At =z = 0, this becomes the basal shear stress:

T, pgh sin « (17)

The bar will be used as the unit of stress (1 bar = 105 N m'z) since stresses

at the bed of a glacier are of the order of 1 bar (roughly one vatmosphere").

11.1.3 The Flow Law of Ice

The experiments of Glen (1955) showed that the strain rate of a specimen

of ice subjected to a uniaxial compressive stress followed a power law of the

iy n (18)

This simple flow law was generalized by Nye (1957) to the more complex stress

situation in glaciers by making the following assumptions:  (a) the ice is

—




'.Illll--:——

266

isotropic, (b) transient effects can be neglected, that is, the stresses have

been applied long enough that steady-state creep has been reached, (c) the

flow law is unaffected by hydrostatic pressure (this was shown to be valid by
Rigsby (1958) provided the temperature is measured with respect to the pressure-
melting point), and (d) the ice is incompressible (éii =0). The resulting

"generalized flow law" can be written in the form

éij = v—(%TTi"J (19)
where v(t) 1is the "effective viscosity" of the ice. In general v is a
function of the temperature T as well as the effective shear stress .
However, the lower Nisqually Glacier can be safely assumed to be "temperate"
and that its temperature is at the pressure melting point throughout. Thus
we write the viscosity as a function of the stress only.

Comparison with Glen's flow law {equation 18) suggests that

i (20)

n-1
T

vit) =

where B is a constant (in general, temperature dependent). If we use equa-

tions 6 we obtain the flow law in terms of the effective stress and strain rate:

e = l 1t = (ln = A" | (21)
vit) B)
where
A = B0 (22)

So far we have assumed that the exponent » is a constant. However, Meier
(1958, 1960) suggested that at low stresses (below 0.5 bar) the stress-strain

rate relationship may become essentially 1inear and that
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E = AT+ A2'rn (23)

was a more realistic form for the flow law. The tendency for n -~ 0 as 1+ 0
has also been suggested by the laboratory experiments of Butkovich and Landauer
(1960), Mellor and Smith (1966), and Colbeck (unpublished). However, there is
other work, for example, Tabor and Walker (1970) or Thomas (1971), which dis-
putes these experiments, or at least suggests that the stress level at which
linear behavior dominates is well below 0.5 bar.

Other forms for the flow law have been proposed, such as a power series

(L1iboutry, 1969):

. = 3 5
£ Al-r + A21' + A31: (24)

or a hyperbolic function (Butkovich and Landauer, 1960):
¢ = 4 sinh(%—) (25)

However, Butkovich and Landauer conclude their data are better represented by

a Meier flow law {equation 23).

A1l these flow laws can be written in the general form

K

é=zA;KT

k=1

" | (26)

The values of the parameters . and A, are listed in Table 16 for most ex-
periments done to the present time, except for those at temperatures well below
0°C. The experiments involve both Tlaboratory stressing of ice specimens and
in situ results from the analysis of boreholes or velocity profiles of various

glaciers. The values have been adjusted using equations 8 and 9 so that the
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effective shear stress and strain rate are used throughout (equation 26).

Each of these flow laws is plotted on a log-log scale in Figure 101. The
straight 1ines are laws with X = 1, whereas the curved lines are laws which
attempt to account for the decrease of »n at low stresses by adding more terms.
The range of shear stresses that are 1ikely at the bed of the Nisqually Glacier
(0.5 to 1.25 bar*) is shown by the two vertical dotted lines.

It can be seen that, with three exceptions, all flow laws are bounded by
the two from the Blue Glacier boreholes. The most viscous flow law (the "hard-
est 1ce") is that of Kamb and Shreve (1966), whereas the least viscous (the
"softest ice") is that of Shreve and Sharp (1970). The coefficients of Nye
(1953) give a line close to the middie of this range.

Two of the exceptions to these 1imits are laboratory experiments that have
not accounted for transient creep. The third (Colbeck, unpublished), distinct-
1y less viscous than all other laws, could also be a transient creep effect.
Colbeck applied a correction for crystal size which brought his relation into
agreement with others, but the magnitude of this correction is questionable.

The flow law of ice is thus not known very accurately. For a given stress
there can be as much as an order of magnitude difference in the strain rate, de-
pending upon the choice of flow law parameters. This scatter may be real (for
example, anisotropy, impurities, temperature variations, or differences in den-
sity, crystal fabric or grain size) or it may simply reflect the inablility to
specify the stress system realistically enough. It must be‘kept in mind that
the generalized flow law (equation 19) predicts a coupling of the stresses,
since t 1is a function of all the individual stress deviator components rij.

In this analysis the flow law parameters will be allowed to vary. To

eliminate any possible errors caused by transient creep only those parameters

* (Calculated from equation 17 using various limits for the thickness and sur-
face slope. See Figure 112.
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Experiments below -5°C have

The thin lines represent laboratory experiments.

LOG(r) (bars)
The flow law of ice for the various values of the parameters

which have been determined to date (Table 16).

been omitted.
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Hote Experiment K k A e T
1 | Nye (1953) [contraction of tunnels] 1 1] 0.173 3.07 ~0
2 | Glen (1955) [quasi-viscous creep] 1 14 0.148 4.2 -0.02
3 | Glen (1955) [minimum creep] 1 1| 0.849 3.17 -0.02
4 | Steinemann (1958) [from Budd, 1969, 1 1| 0.088 2.1 -1.9

p. 21] [1ab. exp.]
Mathews (1959) 1 1| 0111 2.8 ~0
Meier (1960) 2 1| 0.018 1 ~0
2| 0.064 4.5
7 | Butkovich and Landauer (1960) 2 1| 0.129 1 -5
[1aboratory experiments] 2| 0.284 3
8 | Voitkovski (1963) 1 1| 0.262 2.1 -1.2
[1aboratory experiments]
9 | Paterson and Savage (1963) 1 1| 0.044 4.2 ~0
10 | Mellor and Smith (1966) 2 1] 0.085 1 -4
[1aboratory experiments] 0.028 3.5

11 | Kamb and Shreve (1966; unpublished 1 1| 0.040 5.2 ~0

data)

12 | Raymond (unpublished, p. 225) 1 1| 0.076 3.57 0

[al1 of boreholes]
13 | Raymond (unpublished, p. 225} 1 1] 0.060 3.13 "0
[bottom of boreholes only
14 | Shreve and Sharp (1970) 1 1| 0.550 3.3 0
15 | Colbeck (unpublished) [lab. exp.] | 3 1| 0.315 1 0
[actual data] 2| 0.63 3
3| 0.74 5
16 | Colbeck (unpublished) [lab. exp.] | 3 1] 0.013 1 )
[corrected for grain size] 2| 0.025 3
3| 0.030 5
17 | Budd (unpublished data) 1 1] 0.159 1.75 -

Table 16. The parameters for the flow law of ice
been determined to date.
values have been adjusted so that the effecti
rate are used. The temperature ig in °C.

Notes are as follows:

2, 3 Uniaxial compression tests on 1

5, 6 Based on deformation of boreholes.

Experiments below -5

ve 8

aboratory polycrystalline ice.

are given for two different interpretations of the data.

viscous interpretation is generally regerded as the more re
Andrede's correction for transient creep

hes been applied.

(equation 26) which hav
°c have been omitted.
hear stress and straign ~
The units of A, are bar a -

Values
The quasi=-
lisble since

The ice is assumed to be at the




pressure-melting point.

7,10 No correction for transient creep.

9 Based on deformation of boreholes in Athabasce Glacier, Alberta, Cana-
da. The ice was originally assumed to be at the pressure-melting
point; however, more recent measurements of Paterson (1972) indicate
late summer temperatures of -2°C to 0°C at 10 m below the surface in
the ablation area, particularly near the equilibrium line. The accum-
ulation area was found to be at 0°C. The value of 7 was assumed to
be 4.2 because the deta appeared to agree with Glen's data.

11,14 Based on deformation of boreholes in the lower Blue Glacier, Washing-
ton, U.S.A. Temperature measurements of Harrison (1972) ranged from
-0.03°C near the surface to -0.13°C at & depth of 105 m in a borehole
near the equilibrium line (ice thickness about 125 m). Unpublished
data furnished by Reymond (personal communication, 1972).

12,13 Based on deformation of boreholes in transverse profiles across Atha-
basca Glacier, Alberta, Canada. See temperature remarks in note #9.

15,16 Uniaxial compression tests on glacier ice from a tunnel in the Blue
Glecier, Washington, U.S.A. No correction for transient creep was
applied; the experiments were assumed to have continued long enough
that steady-state creep had been reached.

17 Based on data from as many different glaciers as available, using a
plot of log(sd/h) versus log(ty,) (equation 36) and assuming no slid-
ing (Raymond, personsl communication, 1972).

inferred from in eitu glacier measurements will be considered. This eliminates
the three exceptions noted above. The parameters of Nye (1953) will be used

as "average" values and those from the Blue Glacier boreholes as upper and lo-

wer Timits.

11.1.4 Calculation of the Siliding Velocity

For our glacier model the only non-zero stress deviator component is

t' 3 hence 1 =1’ and
Xz Xz

avx(z) (27)
?z

Me
[}
Me

Xz

=

where v _(z) is the velocity at depth z due to internal deformation.  Sub-

stituting the flow law (26) and the stress solution (16) into (27), and

4
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integrating, we get

K h
g -8 = 2 z Ak(pg sin u)nkﬁh - z)nk dz (28)
k=1 0

where e 1is the measured surface velocity and e_ is the sliding velocity.

b
This yields the solution

K nk nk+l
sd = 8 = 3b = 2 kzl Ak(pg sin G) <h > (29)

nk-l-l

where 83 is the contribution to the measured surface velocity from internal

deformation. This was obtained for X =1 by Nye (1952).

11.1.5 The Effect of the Valley Walls and Longitudinal Stress Gradients

The glacier model used above must be modified to allow a more realistic
channel geometry. The drag exerted by the valley walls and variations in the
slope of the bed mean that many, or all, or the other stress components are no
longer negligible.

To estimate the effect of the valley walls most workers (for example, Nye,

1952) have used the “"classical shape factor":

f = A (30)

where 4 is the cross section area, P is the perimeter in contact with the
ice, and F is the depth at the centerline (Figure 102). This is determined
by balancing the total gravitational force in tha downslope direction exerted
on a transverse section of unit thickness with the mean shear stress exerted

by the bed on the section:




S

Figure 102. The effeet of thickness changes on the cZassicaZ.shape
factor. A 1is the cross section area, P 1is the perimeter in contact
with the ice, w 1is the width, and H 1is the depth on the centerline.

pg(sin a)d = <1, >P (31)

<t,> s calculated by assuming (a) it is equal to the average shear stress at

the bed on the centerline, and (b) the shear stress varies linearly with z:

TJZZ = (H I; z) > = ?% pg(H - 2)sin o (32)
Comparison with equation (16) gives
1, = pgf(d - z)sin a (33)

where £ 1is defined by (30). The basal shear stress at the bed of the glacier

is reduced by the factor f because now the glacier can be "supported” by the
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friction of the valley walls.

The velocity in a transverse section of a glacier was calculated numeri-
cally by Nye (1965), assuming there was no longitudinal velocity gradient and
no sliding. He found that T;z deviated from a linear dependence on z (ex-
cept in special circumstances), contrary to the above assumption. If, however,
equation 33 is integrated up the Z axis and f chosen so that the true velocity
at the surface results, Nye was able to calculate an effective shape factor f’.
Values of f' and f are listed in Table 17 for various channel cross sections

and various half-width to depth ratios W.

Rectangle Ellipse Parabola

W i f f' i it f
0.5 0.31 0.33 0.28 0.33 -- 0.29
1 0.56 0.50 0.50 0.50 0.45 0.45
2 0.79 0.67 0.71 0.65 0.65 0.58
3 0.88 0.75 0.80 0.70 0.75 0.62
4 -- 0.80 0.85 0.73 0.81 0.64
® 1.00 1.00 1.00 0.785 1.00 0.67

Table 17. Values of the classical shape factor, f, and the Nye
shape factor, f', for various channel cross sections and various
half-width to depth ratios, W. (from Budd, 1969, p. 45)

For w > 1, and the particular channel shapes he considgred, Nye's shape
factors are always greater than the classical shape factors and approach one
much faster as W + ». Thus with Nye's assumptions the valley walls are less
important than the classical shape factor predicts and the model of an infin-
itely wide glacier is fairly reasonable, especially for large w.

The effect of the variation of longitudinal stresses along the glacier,
caused by variations in the slope of the bed and the surface, is much more dif-

ficult to estimate. The results of Collins (1968) show that the basal shear

i..IIIIu----.---.............................___ ”
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stress should be given by

12 = pgh sin a + o8 (34)
where

F = hit.. ~-1_) (35)

is the mean "longitudinal force" over the glacier thickness. Evaluation of
this correction term requires measurements of the longitudinal and transverse
strain rates (as well as the use of the flow law and incompressibility). Since
the data obtained from the Nisqually Glacier do not allow evaluation of the
transverse strain rates, this technique cannot be used.

Budd, however, has studied the effect of longitudinal stresses extensively
and he concludes (Budd, 1968; 1969, p. 117; 1970, p. 24) that the term involv-
ing longitudiral stress gradients can be neglected on distance scales of the
order of 10-20 times the ice thickness. This amounts to smoothing, or averag-
ing, the parameters #, a, and f in the velocity solution (29) over such dis-
tances. This is particularly true of the surface slope « since it is the
derivative of % and thus is more sensitive to spatial fluctuations.

This result agrees with calculations done on the flow of the Blue Glacier
(Meier, Kamb, Allen and Sharp, in press). They found that the ice flux cal-
culated by the theory used here can be made to agree with the ice flux calcu-
lated from continuity only if a constant slope, averaged over the entire region
studied, was used. The averaging distance was about 10x. They conclude that
the local surface slope influences the local surface velocity field but that
the deformation at depth is averaged mechanically by the longitudinal stress

gradients.

We shall use this approach. Combining (30) and (33) and denoting the

average values of h, a, and f by %, a, and f we get the final expression
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for the speed due to internal deformation:

X n nk+1
s, = 2, A (Fog sin B k(ﬁ > (36)
k=1

+
nk 1

11.2 APPLICATION TO THE NISQUALLY GLACIER

The speed s, depends on the three variables %, o, and f and the choice
of the flow Iaw parameters A, and e The thickness is given by
ho= h + bh(x,t) (37)
and the surface slope by
& = o+ balmy) (38)

where Ax(z,t) and Aa(x,t) are the measured changes in surface elevation and
surface slope (chapters 7 and 8 respectively). [From now on we drop all sub-
scripts and primes on x and t, with the understanding that =z 1is the curvi-
linear value and x= and t are specified at the fixed values of the standard
grid.] Since A% and Aa are measured with respect to the standard (1966)
surface, ho and a are the'thickness and sTope of this ;urface. By only
smoothing ho and o s and not A% and Ao as well, we are expressing the
fact that the local changes in the velocity field are governed by local varia-
tions in depth and siope whereas the overall deformation is governed by long
distance averages.

The measured values of thickness are specified in the vertical direction
but the theory defined 7 as normal to the surface. NO adjustments were made

to the measured data since the corrections (less than 2-3 m) are smaller than

C———— —
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the uncertainty in the depth.

The remaining variable is the shape factor f. The glacier cross sections
at each of the standard stake positions are shown in Figures 103 to 105. It
is very difficult to decide which approximates each cross section: a parabola,
an ellipse or a rectangle. Choosing a Nye shape factor from Table 17 is not
easy. Thus it was decided to use the classical shape factor instead. Later,
when discussing the effects of uncertainties in # and o we shall also in-
clude uncertainties in f.

The Nisqually Glacier undergoes annual thickness changes of approximately
10% of its thickness. To examine the effect of these changes on the shape
factor consider a uniform change in surface elevation, a# {Figure 102). The

corresponding change in the area is approximately

A = wAH + AH(tan ¢)AH (39)

and in the "iced perimeter",

AP = SM (40)

Differentiating (30),

b = M A A | (41)

Py P2H PH?

and substituting (39) and (40) we get

AJJ; . % z_%]_+ HAH(tz.n ¢) _ ZH(s;c $) _ 4 (42)

Assume the cross section of the glacier is a triangle.  Then
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A= wl and Hseecd = P (43)
2 2
Substituting these into (42) gives
. ﬂ 20Htan Q (44)

Af
f H w

In most glaciers, tan ¢ < 1.  Furthermore, ég-« 1 and so A-‘}.-« é%n Since
é%— is small we conclude that é?« 1 and that, to a first approximation, the
classical shape factor is unaffected by changes in surface elevation. There-
fore we assume f 1is independent of time.

Figure 106 shows elevation profiles of the bed and the surface along the
glacier centerline. These were obtained from Figure 56 using linear interpola-
tion between the 40-foot contours. From this the ice thickness 7% (z) was
calculated (Figure 107, dotted line).

A smoothing distance of D = 600 m, about eight times the ice thickness,
was decided upon. This is reduced as necessary at the ends of the glacier so
that unreliable extrapolations are avoided. The value of D=8 1is a com-
promise between Budd's values of 10-20n and the desire to keep these regions
of reduced interval to a minimum. Later calculations will allow us to examine
the effect of choosing a comstant h, o, Or f, equivalent to about 30%.

For comparison, the calculations were also done using a smoothing distance
of D =75 m, approximately the average ice thickness, and Figure 107 shows the
smoothed thickness Z;(x) for both values of D. All smoothing is done numer-
ically using a simple running average. Three passes are made to eliminate any
small wavelength fluctuations.

The surface slopes were calculated from the 1966 surface elevation profile

of Figure 106 using the relation
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j Only two passes were made when smoothing the slopes since use of this equation
is itself a smoothing procedure. The E;ﬂx) curves are given in Figure 108
for both D = 75 and 600 m.
| The classical shape factors were measured from the cross sections of
Figures 103 to 105 and are denoted by the square symbols in Figure 109. The
smoothed curves f(z) are also shown. The portion of the glacier at C6 east
of the upper nunatak was omitted from the calculation of the shape factor.

The values of 7%, &, and f that are used in the analysis are indicated
by the "+" symbols on each of the smoothed curves in these diagrams.

Figure 110 shows the surface speed due to internal deformation s; as a
function of time and distance. This was calculated with equation 36 using the
average flow law parameters and the smoothed* values of 7, o, and f. The var-

jations of s, are dominantly in z and not ¢. It was found that this was

a
almost invariably the case, no matter what parameters were varied; hence the
presentation of the results can be simplified by averaging over time. This
will be denoted by the symbol < >. Figure 111 shows <sb/s>, expressed in
percent, for the average flow Taw (Nye) and the least viscous flow law (Shreve
and Sharp). The "error bars" are the standard deviation in the time average
and thus indicate the approximate magnitude of the time variations.

To show the effect of the smoothing, the calculations were repeated for the

had L} " "
average flow law using the unsmoothed variables. For clarity no "error bars

are shown. They are closely equal in size to the corresponding ones for the

smoothed variables, since the time variations were not smoothed (see equations

37 and 38).

* The variables averaged over D = 600 m will be referred to as "smoothed"
and over D = 75 m as "unsmoothed".
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Figure 112 gives a similar plot, this time of the average basal shear
stress <, 2 calculated from equation 33. Only one curve is shown since this
is independent of the flow law. The range of basal shear stresses is 0.5 to
1.25 bar (D = 75 m) or 0.8 to 1.15 bar (D0 = 600 m). It is fnteresting to
note that the average of the smoothed basal shear stresses is 0.998 bar, in
almost perfect agreement with the commonly-quoted "yield stress" of ice, 1 bar.

Since both flow laws we are using have X = 1 we can solve (36) for &

in terms of 84

+
s(n1 1) 1

Wt = (46)

n
24, (Fog sin «) 1,
When the measured surface speed is substituted for s, h' represents the
depth necessary for no sliding. =~ Average values <h'/h_> are shown in Figure
113 for both flow law parameters.

The following points are apparent from these figufes: (a) The noise is
reduced considerably by using smoothed values of %, a, and f. This is to be
expected, of course. (b) Internal deformation accounts for very little of
the observed surface motion. Only with the least viscous of flow laws can 84
approach 50-60 % of the surface speed.  (c) Internal deformation contributes
progressively less to the surface motion as the distance from the terminus in-
creases. In the upper third of the glacier, sliding accoqnts for well over
80 % of the motion. (d) If the ice thickness were the only variable, uncer-
tainties in its determination could permit no sliding only near the terminus
and only with the least viscous of fiow laws. Nifh average flow law parameters
the depth would have to be increased from 50-200 %; it is highly unlikely that
the ice depths are known this inaccurately. Furthermore, converting # to the

normal component would tend to offset any places where the depths are too

shallow.
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11.3 THE EFFECT OF UNCERTAINTIES IN THE VARIABLES

The points mentioned at the end of the previous section are very signifi-
cant results. A thorough examination of the effect of uncertainties in the
variables 7%, o, and 7, and the flow law parameters 4, and =, is essential
before proceeding with an interpretation.

Unfortunately we are dealing with a complicated function of five variables
and so illustrating the effect of perturbing any one, or combination, of these
variables is not a straight-forward matter. The following analysis was devel-
oped for this purpose.

Define

z = fpg sin « (47)
This has dimensions of force per unit volume and can be interpreted as an
"effective body force" in the down-slope direction. We choose the symbol ¢
to distinguish this from the true body force F = pg. ¢ 1is a function of
f and o« and is independent of the flow law; it is presented graphically in
Figure 114. Typical bounds to f and o for the Nisqually Glacier are indi-
cated by the smoothed and unsmoothed data points; the corresponding range in
¢ is about 500-2000 N m™3. [1 N a3 = 1075 bar m™']

*
Equation 36 now becomes

X o /41
84 = 2 25 4 ¢ <ﬁ . > (48)
K=1

+
"y 1

Thus for a given (Ak,nk) we can plot 5, as 2 function of ¢ and jx. This

is done on a log scale in Figures 115 and 116 for the two sets of flow law

# We omit the bars over h, a, and f with the understanding that these vari-

ables may be smoothed or unsmoothed, as desired.
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parameters we are considering, Bounds to % and g for the Nisqually Gla-
cier are indicated by the stipled region (neglecting for now any uncertainties).
Once a flow law has been decided upon, these <¢(a,f) and sd(h,c) plots can
be used to determine sd(h,a,f). The effect of choosing constant values for
n, «, and £ can now be easily ascertained.

Since

. = rh (49)

we can plot z as a function of & for various values of Ty This is done
in Figures 115 and 116 to define the physically realistic region of the dia-
grams. The range of stresses usually found in ice masses is 0.1 to 1.5 bar
and rarely reaches 2 bar (Budd, 1969). The stresses at the bed of the Nis-
qually Glacier are well within this range (Figure 112).

Now suppose we change f and a by amounts Af and Aa respectively.
The corresponding changes in ¢ can be obtained from Figure 114, and the two
changes Az and Ak can now be used to calculate a new value of s, /s. In
practice, however, we have a grid of values, ;ij and hij. Perturbing each
of these by Az and A% gives a corresponding grid of ratios sb/s. This
grid can then be averaged in both distance and time 1O give a single mean ratio
<<sb/s>>. If this procedure is repeated for various va1ues_of Az and  an
. we can construct a contour plot of <<3b/s>> as a function of A and &k

Figures 117 and 118 show such plots for the two flow laws. Given changes
in h, o, and £ one can now visualize the effect on <<sb/s>>. These pertur-
bations will also increase the basal shear stress; the upper limit to realis-
tic values of i js indicated by the dashed line.

We must now decide on probable values for aa, Af and ah. The surface

slope is the most reliable of the three and is unlikely to be in error by more
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than a degree. From Figure 114 we see that this has a much smaller effect on
r compared to the uncertainty in the shape factor.

Values of the half-width to depth ratio W for the profiles of Figures
103-105 range from 2.0 to 5.5 (omitting C20, which is an incomplete cross sec-
tion). The Nye shape factors (Table 17) could then range as high as 0.9, and

3 too Tow.

the effective body force could be as much as 700 N m

The uncertainty in the ice thickness is +10 m above the upper nunatak.
Below here this might increase to *15 m, but we shall see that the final con-
clusions are affected little in this region by using the smaller limit. Also,
as mentioned earlier, converting % to the normal component would offset some
of this uncertainty.

Assuming then, that Az = 700 N m"3 and ah = 10 m, we see from Figure 117
that for the average flow law the mean ratio <<sb/s>> would drop from 90 % to
about 50 %. Even with these uncertainties sliding still dominates the motion.
On the other hand, if we use the least viscous flow law (Figure 118) internal
deformation can account, on the average, for the magnitude of the surface motion
provided # and ¢ are increased everywhere by appropriate, but acceptable,
amounts.

One must bear in mind that <<sb/s>> is a mean over the entire glacier,
whereas Figure 111 shows that there is a very definite dependence on x. Al-
though internal deformation could be important at the lower elevations, it
might still be insignificant higher up the glacier. |

To illustrate this effect when h, o, and f are perturbed, the calculation

of <sb/s> as a function of x was repeated for various values of Ak, using
the average flow law and increasing the shape factors to unity everywhere (Fig-

ure 119). Only when % is increased by 10 m does the sliding contribution

start to vanish near the terminus.

Figures 120 and 121 show the same plots for the least viscous flow law, the
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former with f increased uniformly by 0.1 and the latter with s set to one.
For af = 0.1, sliding accounts for over 50 % of the surface motion on the upper
half of the glacier, provided Ax is 10 m or less. Even when f 1is increased
to unity s1iding is significant for Ak < 10 m.

We conclude, therefore, thét sliding is negligible on the Nisqually Glacier
only if (a) the ice obeys the least viscous flow law, (b) the depth is every-
where too ehallow by at least 10 m, and (c) the shape factors are close to
unity.

This, of course, is an extreme case and as such we consider it very unlike-
ly. The conclusions reached at the end of the previous section (p. 291) still
represent the most probable situation.
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Chapter 12

DISCUSSION AND CONCLUSIONS

12.1 FEATURES OF THE VELOCITY FIELD

The time variations of the surface velocity of the Nisqually Glacier from
1968 to 1970 exhibit two prominent features: a very pronounced seasonal fluc-
tuation superimposed on a longer period trend.

Unfortunately the observations cover too short a time period to define the
latter variation satisfactorily. Many of the velocity curves of Appendix C
suggest that the yearly motion might be greater in 1968 and 1970 than in 1969.
However, this could simply be a subjective bias caused by the fact that three
maxima were recorded but only two minima. Instead it was felt safest to assume
that the long period trend was linear with time. Figure 122 shows the straight
lines fitted by least-squares through the smoothed E;(t) curves of selected
stakes.

In the vicinity of U.S.G.S. Profile II the long period velocity is approx-
imately constant. Below this point it decreases with time, the speed of the
lowermost stake dropping by about 50 % over the two year period. Above this
point the long period trend reverses direction, the uppermost stake more than
doubling its annual speed from 1968 to 1970.

This correlates, at least in the correct sense, with the results of the
U.S.G.S. measurements of the mean annual thickness changes at their three pro-
files. From 1968 to 1970 the lower profile decreased by 5.5 m, the middle one
by 4.3 m, but the upper one increased by 4.6 m. Then from 1970 to 1971 the
Tower profile remained unchanged, the middle one increased by 2.8 m, and the
upper profile thickened another 3.4 m (Richardson, written communication, 1971).

This implies that during the period of measurements there was a net thinning in
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the lower part of the glacier and a net thickening in the upper part. This 1is
substantiated by the surface elevation measurements made in May 1971 (Figure
106, p. 282).

Although this could signal the start of another kinematic wave moving down
the glacier, the results of the previous chapter show that existing theories
of internal deformation can not account for the magnitude of the velocity
change. For n = 3, a net thickness increase of 5 m would only increase the
velocity by about 30%, or, conversely, the observed velocity increase of 100 %
would require a flow law exponent equal to 9. : C—

The interpretation of this will be left to the next section. We now sum-
marize the features of the shorter term, seasonal variations.

In the upper part of the glacier, near the equilibrium line, the maximum
velocity occurs in late May or June and the minimum in November (Figure 83).
As the terminus is approached both the maximum and minimum occur abecut one
month later, in July and December respectively. This progressive shift of the
peaks with distance down-glacier represents a "seasonal wave", as first found
by Bliimcke and Finsterwalder (1905) on the Hintereisferner. This wave is more
apparent with the maxima than the minima as the latter are broader and less
well defined, particularly with the lower stakes during the first winter. The

longitudinal velocity profiles measured in 1971 (Figure 78) confirm the exis-

tence of such a wave. The estimated wave speed is 20 km a'], in good agree-

ment with Schimpp's results for the Hintereisferner (Schimpﬁ, 1958).

Figure 123 shows the deviation of the maximum and minimum velocities from
the long period trend, as a function of distance along the glacier. The dashed
lines indicate maxima which were inferred at the beginning and end of the mea-
surement period and consequently should be treated with some reserve. The
winter minima are consistently about 25 % below the long period velocity and

there is no significant variation with distance along the glacier. The 1969
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summer maximum is also fairly consistent. Over most of the glacier it averages
about 25 % above the long period velocity, but near the terminus it increases

to as much as 55 %. This tendency has also been found on other glaciers (Meier,
1960). The dashed 1lines, on the other hand, indicate a reverse trend, a de-
crease in the relative deviation as the terminus is approached. This is prob-
ably caused by errors in the long period trend. Using parabolas instead of
straight lines does in fact reduce the deviations of these maxima to about 20 %.
However, since the choice of long period trend is so arbitrary, the simpiest
case (a straight line) was retained.

Either choice of long period trend still leads to the following observa-
tion: there is no tendency for the velocity variations to vanish as the equili-
brium 1ine is approached, as found on other glaciers (for example, Elliston on
the Gornergletscher). Very definite seasonal fluctuations occur on all stakes.

The velocity of the glacier most closely equals the mean annual speed in
the months of March-April and August-September.  Short term measurements of

velocity made at other times of the year do not predict the mean annual speed

of a glacier.

12.2 CAUSES OF THE VELOCITY VARIATIONS

The glacier flow model used in the analysis of the motion can only be con-
sidered an approximation to the complex Nisqually Glacier. Nevertheless, it
is felt that the parameters were varied sufficiently to demoﬁstrate that most
of the surface motion is due to sliding of the glacier over its bed. It is
very doubtful that more refined flow models would invalidate this result.

The annual thickness changes were found to average about 7 m (#5 % of the
total thickness). For an average flow law (n = 3), this would produce varia-
tions of #22 % in the speed due to internal deformation and 10 % in the basal

s1iding speed, if the latter varies as T%, where m = %{n + 1) (Weertman, 1964).

6 |




However, internal deformation almost always accounts for less than 50 % of the

surface motion, and is essentially negligible in the upper part of the glacier.
Thus, if we assume, as an upper limit, equal contributions from the two mecha-
nisms, then the loading effect can only produce, at most, a +16 % variation in
the surface velocity, which is still not much more than half of the observed
variation. Thus the loading effect cannot account for the magnitude of the
velocity variations.

Nor can it account for the phase of the velocity variations. In Figure
124 the mean surface speed of all centerline stakes is plotted as a function of
time. As expected, the peak velocity occurs in dJune and the minimum in
November-December. However, if the mean speed due to internal deformation*
(from Figure 110) is élso plotted, we get a maximum in March-April and a mini-
mum in October. Hence there is a phase difference between the surface speed
and the loading effect.

Thus we conclude that the seasonal velocity variations are not caused by
variations in the internal deformation mechanism or the pressure-melting/enhanc-
ed plastic flow mechanism of basal sliding. We are forced to attribute the
changes in surface motion to the one unknown in the theories; namely the de-
pendence of the basal sliding mechanism on the "amount of water at the bed of a
glacier". This has been proposed before, largely on intuitive grounds, but
the data obtained on the Nisqually Glacier allow us to refine this explanation
and provide evidence for it.

First, consider the seasonal wave. This was found to have a speed of
about 20 km a'1. If this represents a normal kinematic wave (Weertman, 19583
Nye, 1960, 1963) it should have & wave speed given, at least in magnitude, by

(Paterson, 1969, p. 199):

# This will also be in phase with any variation in speed due to variations in
basal shear stress, assuming, of course, that s.b = 1%1.
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e = (n+ 2)s, + (m + 1)3b (1)

Since m < n, the wave speed is a maximum when all the measured surface speed

is due to internal deformation:

e s (n+ 2)d (2)
For n=4and s =800mnd | this implies ¢ = 1.8 km a~), but for = = 3
and 8 = 100 mm d'], e =0.18 km a']. Thus we conclude the seasonal wave

travels down the glacier at least one to two orders of magnitude faster than
can be accounted for by assuming the ice motion is due to internal deformation
or the pressure melting/enhanced plastic flow mechanism of basal sliding.

Second, the basal shear stress was found to increase with distance down-
glacier (Figure 112), whereas the measured surface speed does the opposite.
Since sliding accounts for most of the surface motion, this means that the
sliding speed varies'inverseZy‘with the basal shear stress, contrary to the
predictions of basal sliding theory. On the other hand, T, Wwas computed
for simple "laminar" flow and does not include the effect of longitudinal or
transverse normal étfesses, which might act to raise the basal shear stress to
higher values where the sliding velocity is high. However, the strain rate
variations appear to be controlled by local topographic features. There 1is
no obvious correlation between the longitudinal stresses and the sliding velo-
city and so it is doubtful they can be used to explain this inverse relation-
ship (see Figure 81, p. 218).

If the seasonal velocity variations are due to changes in the amount of

water at the bed, they might correlate with the run-off or the surface melting.

In Figure 124 the monthly discharge of the Nisqually River 1.8 km below the

terminus is plotted against time. The peak in the run-off occurs in July,

_—_
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about a month, on the average, after the peak in the surface speed. Moreover,
the minimum occurs in March-April, fully four months after the corresponding
minimum in the motion.  For stakes near the terminus the two maxima are in
phase; a similar finding may well have led Elliston to conclude the surface
speed was correlated with the stream discharge (to within 1-2 weeks).

The Nisqually data, however, show that this correlation becomes progres-
sively less valid with distance up-glacier and completely breaks down when the
minima are examined. During the period November to April, when the run-off
is steadily decreasing, the ice is distinctly accelerating.

Furthermore, the surface velocity will not correlate with the surface
melting. If it did the peak in the velocity would occur progressively later
up-glacier rather than the opposite. Surface melting also fails to explain
the winter increase in velocity.

This acceleration of the glacier throughout the winter in the ablation
zone, although evident from some of the earlier work (p. 44), does not appear
to have been emphasized in the published literature, possibly because of uncer-
tainties in the existing data. The results obtained here, however, provide
conclusive evidence for this acceleration. It is a crucial point since it
makes it difficult to correlate the seasonal velocity variations with run-off
or surface melting (or, for that matter, temperature).

Inétead, the winter acceleration implies that somehow the amount of water
at the bed of the glacier increases during the winter, reacﬁes a peak in the
late spring and early summer and then decreases through the rest of the summer
to a minimum in the fall. The glacier must store water during the winter.
Presumably the increased amount of water increases its average hydrostatic
pressure and this, in turn, enables a greater area of ice to be liberated from
the rock.

This result has already been reached by completely different means by
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Tangborn, Krimmel and Meier (in press). In a mass balance study of South
Cascade Glacier during 1970 they found that the mass 10Ss calculated from run-
of f and precipitation measurements (the "hydrologic” method) was 38 % greater
than that calculated from surface accumulation-ablation measurements (the "gla-
ciologic" method). Unable to attribute this to measurement errors they con-

clude the excess run-off is due to the release of water from within the glacier

in summer. This extra water must have been stored in the glacier since the
end of the previous melt season, that is, during the fall, winter and spring.
They term this "liquid water storage”.

The South Cascade Glacier is by no means jdentical to the Nisqually Gla-
cier. However, this excess run-off in the summer has also been reported by
Schytt (1970), Stenborg (1970) and Hoinkes (1970) on glaciers in both temper-
ate and sub-polar climates. On the assumption that this is a general phenom-
enon, the cumulative 1iquid water storage of the South Cascade Glacier is

plotted on Figure 124 for the two years 1970 and 1971. On the average, the

storage peaks at the same time that the surface motion does.

Wwe conclude, therefore, that the seasonal variations in the velocity of a
glacier are correlated not with the run-off or surface melting but with the

liquid water storage.

A physical mechanism for this storage and release of meltwater was offered
by Tangborn, Krimmel and Meier. It js doubtful a more lucid description could
be written and, since further discussion will require such a picture, it is now

reproduced in full:

"A glacier differs from a normal porous-medium aquifer in that (1)
the fluid is heavier than the solid and pressures in water-f11!gd
holes can exceed the pressure in the solid ice nearby, (2) jce is a
weak solid and readily deforms by plastic flow resulting in contin-
uous deformation as well as enlargement or reduction of passageways
depending on pressure differences between ice and water or air, an
(3) heat generated by viscous dissipation (loss of potential energy
or carried from the surface can enlarge passageways by me1t1ﬂ9- 1
During Tong periods of little ablation (late £a1l, winter, early
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spring), there is an increased tendency for meltwater passageways to
close, causing meltwater and rain to go into storage, likely into
small cavities and channels within and at the base of the glacier.
Movement of the glacier would tend to further seal off these drain-
age routes during the fall and winter. After ablation begins in
the spring, storage of water continues to take place, but the
hydrostatic head of the stored water is increasing rapidly. This
causes ice deformation around channels, reopening a three dimension-
al network of passageways, and water begins to drain from the gla-
cier. Drainage continues at a diminishing rate throughout the sum-
mer, and the passageways begin to close up when the production of
meltwater tapers off. Thus, much of the water occurring as run-off
during the summer actually was produced during the previous spring
and fall. Crucial to this argument is the assumption that there

is a certain delay between the advent of higher water pressure and
the opening of passageways. If the adjustment of passageway size
to water pressure were primarily accomplished by plastic flow of

the ice, a delay of some months would be expected, because the -1
pressure differences would be relatively small--of the order of 10
to 10-3 bars." (Tangborn, Krimmel and Meier, in press)

We emphasize that the sliding of a glacier is related to the amount
of water stored, not to the size of the passageways or to the amount of
water flowing through them. Thus in the Tate spring when large quantities
of meltwater are descending into the glacier but the channels have not yet had
time to open and allow the water to drain, the hydrostatic head of stored

water is at a maximum.

12.3 SUPPORTING EVIDENCE

The effect of liquid water storage on the velocity of a glacier is sub-
stantiated by other data from the Nisqually Glacier.

Consider the long period trend in velocities. We have shown that this
must be due to a large increase in the sliding contribution. This suggests
a corresponding increase in the average anmual 1iquid water storage, more wa-
ter being stored in the Nisqually in the spring of 1970 than in the previous
two springs. If this is indeed valid it is not surprising that a small out-
burst flood, or "jokulhlaup", occurred from the glacier on July 4, 1970, about

one month after the last seasonal velocity measurements were made.
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Figure 125 shows a trace of the recorder chart at the Nisqually Bridge
stream gage. The weather had been fair for several days and so rainfall did
not cause the high flows on July 4. The two peaks, particularly the second
one, occur very abruptly and indicate a "flood wave" hitting the station.

The peak discharge is estimated to be about 85 m3 5'1, approximately 20 times
greater than the normal summer flow (Richardson, written communication, 1972).
This places it in the category of a small glacier outburst flood.

Supplementary to this are the measurements of velocity made in May 1971.
Figure 126 shows the longitudinal velocity profiles for approximately the same
time of the year for each of four consecutive years. The large increase in
speed up to May 1970 is apparent but it did not continue through to 1971.

This evidence, admittedly circumstantial, does suggest that the jokulhlaup,
by suddenly releasing large amounts of water from within the glacier, was able
to arrest the velocity increase. The permanent enlargement of crucial drain-
age channels could prevent a re-occurrence. Similar releases of stored water
from within the Athabasca Glacier have been reported by Mathews (1964a).

This investigation suggests that jokulhlaups are preceded by an abnormal
increase in surface motion. Thus an obvious way to predict such floods would
be to monitor the surface motion. Probably a measurement of velocity once a
year near the equilibrium line would be sufficient to detect major outbursts,
but it might be better to make several measurements in the spring so that the
acceleration of the glacier can be determined. |

If the dependence of sliding on stored water is valid one would expect to
find high englacial water pressure values during periods of peak velocity.
With this in mind, the water level in the second borehole drilled in the Nis-
qually Glacier at the end of March 1972 was measured after it was completed.
It was found to be within 1 m of the ice surface. Although it is very dubious

that this is a representative estimate of the stored water it nevertheless does
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Figure 125. The emall jékulhlaup released [rom the Nisqually Clacier

on July 4, 1370. The '"moice" is ruch yreater ajter the [lood because
the bottom o] the stilling well was eroded away, allowing turbulent
sater to enter. The origin o] the ordinate scale is arbitrary.




*epaano qayjo oyg [fo £3apd furcsii

2Ip70412aU; 01 DISN usaq svy 2adnd [LE] dYd (Aro070a Lmuaxou fo aung oyg) JavehR oy [c 2wl ey Yj £7

~oqDunzcaiin 04 saefad o]1foad yovyg  [/-8961 Savaf anol ayz aof sa] 1 foad Azarooraa jouipniibucy *9g1 aanbry
_m (w) X
3 000€ 0062 0002 008! 000! 006 o
m L] L3 L ¥ _| L L] ] 1 L) 3 ] L 1 ] L] ¥ T | L) T T T T T T T T
_ — — 00l
- i, :
._/./ l....._ P Ept ﬂ.ﬂl.-.l.....l’l .._...
— n/! l’-ﬂn.‘.-a“‘“ountu. ,’ c.i.. — OON
/I
5 —00¢ wn
Y
— m
o[ ., 1 m
™ /.o -o..o ., o
Ve oL N N
- \ ...,..ﬁ.:.... N\, \ — oot
L /. \ tn.tn oot- l-_-o / K m
t.--- o * w
: S
= —{o0s =
\ )
i 1261 Ao ' |
— 046! ADY === e — . oos
B 696/ ADW sessersresssonnas -
B 896/ OUNP +omm s e —{o0.
s : s 3 ] 1 L i P | i n i i i 1 1 1 i l i s PR | 1 M 1 i $ 008




not refute the above hypothesis.

Other evidence exists in the literature to support this conclusion, how-
ever. Haefeli and Brentani (1955) found large reservoirs of water when tun-
nelling through the ice cap at the Jungfraujoch. Fisher (1963) describes an
"enormous reservoir of water" encountered at the end of a tunnel drilled at
4000 m on the Breithorn. Despite the ice being "non-temperate" the water ap-
peared to be in constant supply. Contrary to his expectations the flow of
water out of the tunnel "increased materially during the winter".

Mathews (1964b) made observations of the water level in a mine shaft
which connected with the bed of the South Leduc Glacier, British Columbia.

He found some evidence for a "seasonal cycle in pressure"; "low base levels
seemed to occur in late summer and higher base levels in winter".

"Water spouts" have been observed on several glaciers, for example, Wise-
man (1963). These can be either intermittent or continuous. Some appear to
represent the drainage of isolated cavities whereas others appear to be con-
nected with a more extensive system of drainage channels within the ice.
Cavities are often encountered when driiling boreholes in glaciers.  Sometimes
they contain water under pressure and sometimes they do not. However, after
a period of time the water level in the borehole usually returns to its previ-
ous level without any obvious filling from the surface (Shreve and Sharp, 1970).
This suggests a connection with an overall "englacial water pressure".

In October 1971 a well was placed in the South Cascade Glacier and the
water level automatically recorded (Krimmel, written communication, 1972).

The level declined steadily to about November 10 and then changed very little
until December 12. At this point the recorder stopped but nevertheless the
pen trace did show a net increase in water level through the rest of the winter

and spring. When recovered in early July 1972 the water level was about 8 m

above its minimum of the previous winter.

P _




Finally, another small jokulhlaup may have occurred from the Nisqually

Glacier on June 2, 1968 (Figure 94). The recorder at the gaging station was
damaged during this flood but it was still possible to estimate the daily dis-
charge. This reached a value three timés higher than at any time during the
next two years (until the jokulhlaup of July 4, 1970). However, it is not
possible to conclude that this was a true glacier outburst flood since it
occurred during a period of heavy precipitation. Nonetheless it did occur at
the time of maximum Tiquid water storage and it is not unreasonable to suppose
that the heavy rainfall suddenly raised the hydrostatic pressure of the engla-
cial water and thus triggered the opening of channels and the release of stored
water. Probably the breaching of some internal "dam" is necessary because of

the delay time inherent in the mechanism described on p. 313.

12.4 FURTHER IMPLICATIONS

Additional implications concerning the basal sliding mechanism and the
storage of liquid water can be inferred from the Nisqually Glacier data. The
first of these concerns the observation that the sliding contribution to the
surface motion becomes progressively greater with distance up-glacier. For
the uppermost stakes, near the equilibrium 1ine, sliding accounts for over 90
% of the motion. This suggests, but does not prove, that relatively more
water is stored higher up the glacier. Possibly most of the liquid water
storage occurs at the equilibrium line; however, the author hesitates to imply
that this is a general feature of glaciers, since the equilibrium line on the
Nisqually Glacier is topographically in a unique location, at the boundary be-
tween the steep upper half and the flatter lower half where the measurements
were made (Plate III).

Nevertheless the storage of large quantities of water at this level on

Mount Rainier is confirmed by the South Tahoma Glacier jokulhlaup of August 31,




1967, on the south-west flank of the mountain. Both aerial photographs and

an eyewitness account indicate the water was released from the 2300 m level
(Richardson, 1968), the same elevation as the equilibrium line of the Nisqually
Glacier. |

Second, the seasonal wave can be explained with this hypothesis. If
there are larger amounts of water stored near the uppermost stakes, the water
pressure would be higher here than lower down the glacier. When melting com-
mences in the spring, the critical pressure at which the passageways start to
enlarge and connect up rapidly would therefore be reached sooner at the higher
elevations. The water which starts to drain down through the glacier would
aid the enlargement of channels Tower down. On the other hand, the seasonal
wave in the minimum is probably a result of the longitudinal velocity gradient.
Since the ice is flewing faster higher up the glacier the passageways would be
closed off before they would at lower elevations. The winter acceleration
would commence sooner and the minimum would be sharper. This was indeed ob-
served.

Could the seasonal wave be due to a kinematic wave in a thin fjlm of water
at the bed of the glacier? This was suggested by Weertman (1962) to explain
the hourly and daily fluctuations of the surface speed of a glacier, but con-
ceivably it might explain the seasonal wave as well. The wave speed would be

about three times the velocity of the water in the film,

e = dnghsin o (3)
U
where d s the thickness of the film and u is the viscosity of the water.
Taking Weertman's values of d = 0.5 mmand p = 5.7 x 10']6 bar a, and o = 14°

for the average slope of the Nisqually Glacier, this gives a wave speed of

about 2000 km a". Thus either this mechanism is not responsible for the
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seasonal wave or the thickness of the water film is an order of magnitude
smaller, about 0.05 mm. Making the water film thinner is contrary to the
other evidence suggesting large amounts of stored water.

It was also found that the departure of the seasonal component from the
long period one was independent of distance along the glacier. Perhaps this
is a result of the uniformity, to a first approximation, of the accumulation-
ablation pattern over the glacier, since this probably regulates the liquid
water storage. Speculation beyond this point, however, is not justified.

Implicit in these conclusions is the assumption that the controlling
parameter in the basal sliding mechanism is the englacial water pressure, or,
more exactly, the "difference between the average normal stress at the ice in-
terface and the water pressure in the passageways having access to the bed"
(Raymond, 1970). Haefeli (1970) and Lliboutry (1968) have also postulated
this. The dependence of the basal sliding on the basal shear stress is prob-
ably insignificant compared to the effect of water at the bed.  Thus it is
understandable that Meier (1968) was unable to correlate the sliding velocity
to the basal shear stress on the Nisqually Glacier. The similar result of
Paterson (1970) on the Athabasca Glacier is also expected. In fact, Paterson's
suggestion that the sliding velocity might be correlated with the ice thickness
is not unreasonable since thicker glaciers might be able to retain relatively
more stored water than thinner ones.

Obviously, simultaneous measurements of the sliding velocity and the liquid
water storage, or the englacial water pressure, are needed to confirm or deny
the hypotheses proposed here.

In conclusion, the Nisqually Glacier is so thin and moving so rapidly that
internal deformation contributes little to the total motion.  Seasonal fluctu-
ations in 1iquid water storage appear to control the seasonal velocity varia-

tions by changing the amount of basal sliding. The data support the idea that
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the dominant parameter in the basal sliding mechanism js the englacial water
pressure and that the dependence on the basal shear stress is probably insig-
nificant.

The Tiquid water storage thus appears to be crucial to a compiete under-
standing, not only of the hydrology, but also of the dynamics of a glacier.

The large increase in velocity near the equilibrium line in 1970 was prob-
ably caused by an increase in liquid water storage over the previous years.
Jokulhlaups probably represent the catastrophic release of such water.

Glacier surges, on the other hand, might be caused by a more gradual re-
lease, with large amounts of stored water being retained long enough to produce

a spectacular advance of the terminus.




EPILOGUE

On July 14, 1972, five days after these conclusions were written, another
very high discharge -- possibly a jokulhlaup -- occurred from the Nisqually
Glacier. Unfortunately this one destroyed the recorder at the gaging station
and so it is not possible to verify that a sudden/release of water, character-

jstic of a true jokulhlaup, actually occurred. Richardson (written communi-

8=

cation, 1972) estimated that the peak discharge was approximately 140-170 m°s~
and that a flow of about 30-60 m3s'] was maintained throughout the afternoon

of the 14th, when both he and the author were cbserving the flood. Based on

1

the Paradise weather records, however, a mean discharge of only 8 mss' can be

accounted for by precipitation and snow melt during the preceding six days.
Thus it seems certain that some release of stored water must have occurred.

Periods of abnormally high flow in rivers originating from glaciers, usu-
ally attributed to high rates of melting, may actually be the release of stored
water. As the amount of stored water reaches a maximum in the late spring and
early summer, when the rivers are high anyway, many such "outbursts" may go
unnoticed.

Abnormal releases of stored water seem to have occurred from the Nisqually
Glacier in June or July every two years from 1968 to 1972. It will be inter-

esting to see if another one takes place in June or July of 1974.
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Plate II. The Nisqually Glacier and the south side of Mount Rainier from
Pinnacle Peak, January 1973. The portion of the glacier etudied extends
from the equilibrium line (center of picture) to the terminus (behind the
ridge at the lower left). Paradise is in the lower center.

Plate III. The region around the equilibrium line of the Nisqually Glacier
from TP-1, September 1968. The band of bare ice along which the center-
line stakes were placed is visible behind the rock-covered ice in the fore-
ground.  Part of the Wilson Glactier is visible at the top of the picture.
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Appendix A

RESULTS OF THE BEDROCK MODELLING

On the following pages are shown the glacier cross sections, in a vertical
plane Tooking up-glacier, at each of the gravity profiles (Figure 30, p. 88).
The two dimensional results (dashed lines) are given for the highest value of
m (the number of depth variab]es)_whi;h appears to give a physically reason-
able solution. Reliable results were noﬁ obtained on four profiles (G13, G16,
G17 and G18) and so they are omitted from the diagrams. The three dimensional

results (solid lines) are taken from Figure 56, p. 148.

Legend:

gravity station [the ice surface used in the two dimension-
al modelling is formed by connecting the stations with
straight lines].

—o—r—e—s—a—sme—s the digitized surface used in the terrain corrections and
the three dimensional modelling [the glacier surface is
from the 1966 map and the surrounding terrain is from the
1956 map].

----- D-memcaa the results of the two dimensional modelling

the results of the three dimensional mode111ng

R the known bedrock [where it extends under the present ice
it was obtained from the 1951 map (G5, G6 and G7) or the
1961 map (G1, G2, G3 and G4)l.

® the margins of the glacier [west to the left, east to the
right].
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Legend (continued):

a,b

343

the regional field coefficients determined by the two
dimensional modelling:

g, = a + bx
where g. is the value of the regional gravity (in mgal)
and x 1is the distance across the profile from the west

margin (not the centerline). [« 1is given in mgal and
b in mgal m']].

the number of depth variables in the best solution for the
two dimensional modelling [equals the number of open cir-
cles on the dashed line].
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Appendix B

THE TILT OF THE STAKES AND THE MASS BALANCE CURVES

On the following pages are shown the tilt (€,¢) and the mass balance (2,),
as a function of time, for each of the centerline stakes. The overlay in the

rear pocket can be used with these diagrams.

The mass balance

The units are meters of ice equivalent. No error bars are shown since
the error of reading the surface level on a stake is less than the size of the
plotting symbols. In the winter, however, departures of the stake from the
shape assumed in the calculations could produce errors in the bend corrections
by as much as *0.5 m in the vertical direction. Gaps in the curves indicate
times when the origin was reset to the new summer surface, usually in October.
Stakes C16 through C20 are assumed to be at the equilibrium line and so the

origin does not have to be reset.

The tilt of the stakes

6 is the amount of tilt in degrees from the zenith (solid lines, scale at
left). ¢ is the azimuth of the tilt 1nldegrees (dashed lines, scale at
right); this is the direction that the top of the stake points, measured from
the +X direction (true south), positive to the east and negative to the west.
Error bars are the standard deviations in ¢ and ¢ (calculated from equation
6.57), assuming the errors in the measured angles are o, = 3.1" and o, = 5.3".

Gaps indicate times when the stake was shifted.
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Appendix C
RESULTS OF THE VELOCITY CALCULATIONS

C.1 THE EFFECT OF DIFFERENT REDUCTION METHODS AND CORRECTIONS

On the following pages is shown the effect of the different methods and
corrections used to calculate the velocity (see Table 13, p. 209). The effects
vary from one stake to the next and so three stakes, C2, C3 and C13, were se-
lected to illustrate the various situations.

The data for each stake consist of four diagrams: the speed versus time
for (a) correction method III (changes in tilt and length allowed), (b) correc-
tion method IV (changes in shape, tilt and length allowed), (c) the flex method
and (d) the flex method plus corrections for transverse velocity gradients and
elimination of faulty data points and points whose time interval is less than
15 days.

In the first three graphs, the "+" symbols denote the corrected values
and the dots the uncorrected values (that is, correction method II, changes in
length only). An arrow from the dot to the "+" thus shows the amount and di-
rection of the correction. No dots are indicated if the magnitude of the cor-
rection is small (only a short line visible) or if it is negligible (less than
the size of the "+" symbol). The scale of the graphs is equal to that used
on the final curves (appendix C.2); consequently some points lie outside the

border.

In the fourth graph, the "+" symbols denote the values calculated by the
flex method. A short line indicates the correction for transverse velocity
gradients (p. 222). Square syﬁbo]s are points eliminated because their time
interval was less than 15 days (p. 207) and "X" symbols are faulty data points

(p. 224). The final data points s _(t,) are therefore at the ends of the

short lines on the "+" symbols.
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Because the corrections for transverse velocity gradients are small,
graph (d) has also been included for stake C7, which has the largest absolute
value of the correction. The corrections are essentially constant and do not
affect the shape of the curve, except during the spring of 1970, when the
stake was shifted closer to the centerline.l

The "scatter" mentioned in the captions is defined on p. 208. The "raw
data" refers to the values calculated by correction method II (changes in

length only).

The overlay in the rear pocket can be used with these diagrams.
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C.2 THE SPEED VERSUS TIME CURVES

On the following pages 1s shown the measured surface speed eé(ti) for
each centerline stake. The values are corrected for transverse and longitudi-
nal velocity gradients to the standard stake positions (x' = xl,y' = 0).
Faulty data points and points whose time interval was less than 15 days have
been eliminated. The error bars are calculated from equations 6.79 and 6.80
and are weighted inversely according to the function in Figure 76 (p. 212).

The solid lines are the mean curves Eg(t) used in the analysis of the’
data (chapter 11). Interpolation in the regions of missing data is done
simultaneously in both time and distance (p. 223) and so it sometimes appears
that the interpolated regions show variations not justified by the data for
that particular stake.

m is the number of measurements of the position of the stake (excluding
faulty points) and » is the final number of survey combinations shown on
the diagram. xé is the standard position of the stake.

The curves are presented in order of increasing distance up-glacier, from
the terminus (C1) to the equilibrium Tine (C20).

The overlay in the rear pocket can be used with these diagrams.
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C.3 THE SPEED VERSUS DISTANCE CURVES

On the following pages is shown the measured surface speed sé(x’) for
éach month of the two year measurement period, as a function of distance along
the centerline. These curves are taken from Figure 83 and fhus represent
mean, interpolated curves only. Data points are not indicated since they
would make the diagrams too confusing; only the values at the standard stake
positions are shown (alternating plus and square symbols).

Each curve refers to the mid-point of each month. The curvilinear cocr-

dinate «' runs from near the equilibrium line to the terminus.
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